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Abstract

Lindstrom [11] introduceda very powerful notion of
quantifiess, which permits multi-place quantification
and the simultaneoushinding of several variables. A
specialcase ‘branching’ quantifies, was foundto be
usefulin linguistics, specificallyfor modellingrecipro-
cal constructiondike “Most menand mostwomenad-
mire each other”. Westestahl [13] showechowto com-
pute the three-placeLindstiom quantifierfor “ @, A’'s
and @2 B’s R ead other” from the two-placequanti-
fiers@, and(@,, assumingrecisequantifies andcrisp
arguments. In the report, | generlize Westestahl's
methodto approximate quantifies like “many” and
fuzzyargumentdike “young”. A consistentinterpre-
tation is achieved by incorporating Lindstrom quanti-
fiersinto the DFS theory of fuzzyquantification[5, 8],

which restson a systemof formal adequacycriteria.

The proposedanalysisis of specialimportanceto lin-

guisticdatasummarizatiorbecausehe full meaningof
reciprocal summarizes (e.g. describingfactors which
are “corr elated” or “associated” with eac other),can
only be capturedby brandhing quantification®

1. Intr oduction

The quantifiersfound in naturallanguage(NL) are by
no meansrestrictedto the absoluteand proportional
typesusually consideredn fuzzy settheory Thelin-
guistictheoryof quantification,.e. the Theoryof Gen-
eralizedQuantifiers[2] (TGQ), recognizesmore than
thirty differenttypesof quantifiersjncludingquantifiers
of exceptionlike “all exceptaboutten”, cardinalcom-
paratieslike “many morethan” andmary others[10].
Thesequantifierscan be unary (like propernamesin
“Ronaldis X) or multi-place;quantitatve (lik e “about
ten”) or non-quantitatie (like “all exceptLotfi"); and
they canbe simplex or constructedlik e “most married

1The proofs of all theoremscited here are listed in [8],
where the subjectis discussedat some more length. The re-
portis availablefrom the authors homepagéttp://wwwtechfk.uni-
bielefeld.de/teclak/ags/i/personertingo/.

X'sareY'sor Z's”. However, it isnotonly thediversity
of possibleguantifieran NL which posedifficultiesto
asystemati@andcomprehensie modellingof NL quan-
tification. Evenin simple casedike “most”, the ways
in which thesequantifiersinteractwhen combinedin
meaningfulpropositioncanbecomplex andsometimes
even puzzling. Consider‘Most menand mostwomen
admireeachother”, for example,in whichwe find are-
ciprocalpredicate;admire eachother”. Barwise[1] ar
guegthatso-calledbranchingguantificatioris neededo
capturethe meaningof propositionsinvolving recipro-
cal predicatesWithoutbranchingguantifierstheabove
examplemustbelinearly phrasedaseither

a. [mostz : men(z)][most y : women(y)] adm(z,y)
b. [mosty : women(y)][most z : men(z)] adm(z,y) .
Neitherinterpretationcapturesthe expectedsymmetry

with respectto the menandwomeninvolved. In fact,
we needa constructiorike

[Ql xX:
[Q2y : women(y)]

") ) e

wherethe quantifiers@); = Q2 = most operaten par

allel andindependentlyof eachother This branching
useof quantifierscanbeanalysedn termsof Lindstrom
quantifiers[11], i.e. multi-place quantifierscapableof

binding several variables. In this case,we have three
argumentsandthe quantifiershouldbind z in men(z),

y in women(y) andbothvariablesin adm(z, y). Thus,
the above branchingexpressioncan be modelledby a
Lindstrom quantifier@ of type(1, 1, 2):

Qz.y,2y(men(z), women(y), adm(z,y)) -

Let usnow considerthe problemof assigninganinter-

pretationto suchquantifiers.Obviously, ) dependn

themeaningof “most”. Assumingafixedchoiceof base
setor ‘universe’E # &, over which the quantification
rangesthequantifier'most” in its precisesens€major

ity of) canbeexpresseds

. 1
most(Y1,Y>) = { (1) : L}geﬁyﬂ > 31



for all crisp subsetsy;, Y, of E (assuminghat E be
finite). This letsusevaluate"mostmenaremarried”by
calculatingmost(men, married ), wheremen, married
arethe setsof menandof marriedpeople respectiely.
The definition can be extendedto basesetsof infinite
cardinality if so desired. A possibleinterpretationof
“most” in this caseis

{ 1: YlﬂYQHﬂ(YlﬂYQ);ﬁz
most(Y1,Yz) = for all bijections3 : Y1 — Y}
0: else

whereY;,Y, € P(E). Now attemptinga similar anal-
ysis of theabove quantifier@, we noticethatthe quan-
tifier mustacceptthreeargumentsj.e. thesetsA, B €
P(E) of menandwomen,andthe binaryrelationR €
P(E?) of peopleadmiring eachother assumedo be
crisp for simplicity. The quantifierthen determinesa
two-valuedquantificationresult Q (A, B, R) € {0,1}
from thesedata. Barwise[1, p.63] shaved how to de-
fine Q in aspeciakaseherel adoptWestershhl'srefor
mulationfor binaryquantifierd13, p.274,(D1)]. Hence
considera choiceof @1, Q- : 73(E)2 — {0,1}. Let
us further assumethat the ;'s, like “most”, are non-
decreasingn their secondargument,i.e. Q;(Y1,Ys) <
Q:(Y1,Yy) wheneerYs C Y. In this casethe com-
plex quantifier) becomes:

Q(A,B,R) *)
[ 1: WXVCR:Qi(AU)=1AQx(B,V)=1
10 else

Hence“Most menandmostwomenadmireeachother”
meanghatthereexistsa mutualadmirationgroupU x
V' C adm suchthatmostmanandmostwomenbelong
to thatgroup.In my view, thisanalysids correctandex-
pressesheintendedmeaningof the example.It should
be remarled at this point that Westershhl, unlike Bar
wise, is only concernedvith ‘consenative’ quantifiers,
thusassuminghat@;(Y1,Y2) = Q:(Y1,Y1 NY>). This
permitshim to restrictattentionto U x V' C RN(A x B)
ratherthanU x V' C R withoutchangingheinterpreta-
tion. Westershhl thenextendsthis analysisto a generic
constructionwhich alsoadmitsnon-monotonia@juanti-
fiers(p.281,Def.3.1).

But, how can we incorporateapproximatequantifiers
and fuzzy arguments like in “Many young and most
old peoplerespectachother?

In the following, | presenta method which assigns
meaningfulinterpretationgo suchcasesl first describe
the formal framework in which | will carry out this en-
deavour. In thisconnectiorl alsopresensomepractical
modelsfor ‘ordinary’ fuzzy quantification;aswe shall
see,thesewill also prove useful for fuzzy branching

guantification. Following this, | shov how Lindstrom-
like quantifierscapableof binding seseralvariablescan
be incorporatednto the chosenframewvork. Finally |
explain how theabove analysisof branchingquantifiers
andits generalizatiorby Westersihl canbe utilized for
interpretingfuzzy branchingguantification.

2. The Linguistic Theory of Fuzzy
Quantification

TheTheoryof GeneralizedQuantifierd2, 10] restsona
simple but expressve modelof two-valuedquantifiers,
which offers a uniform representatioffor the diversity
of NL quantifieramentionedabore. However, TGQwas
not developedwith fuzzy setsin mind, andits semanti-
cal analysids essentiallywo-valued.In orderto recon-
cile fuzzy quantifiersandlinguistic consensusthe au-
thor developeda linguistic theory of fuzzy quantifica-
tion, known as'DFS theory’[8, 5, 6], which generalises
the basicconceptsof TGQ to approximatequantifiers
andfuzzy aguments thus achiezing a comprehensie
treatmentfuzzy NL quantifiers,and coherentinterpre-
tationswhich follow the linguistic expectations.To ac-
complishthis, the theoryintroduceghefollowing basic
notions.

Definition 1 An n-ary fuzzy quantifier @ on a base
set E # @ assignsa gradual quantificationresult
Q(X1,...,X,) €]0,1] to eath choiceof fuzzysubsets

Xi,..., X, € PE).

(ﬁ(E) denotegshe fuzzy powerset). Fuzzy quantifiers
constitutean expressve classof operators. However,

they areoften hardto definebecausehe familiar con-
ceptof cardinality of crisp setsis not applicableto the
fuzzy setsthatform theamgumentof afuzzy quantifier

It isthereforenecessaryo permitasimplifiedspecifica-
tion, hawever powerful enoughto embedall quantifiers
in thesenseof TGQ.

Definition 2 Ann-ary semi-fuzzyquantifieron a base
setE # @ assignsa gradualresultQ(Yy,...,Y,) €
[0,1] to all crispsubsety, ..., Y, € P(E).

Comparedto fuzzy quantifiers,semi-fuzzyquantifiers
areclearlybetteraspecificatiormedium:they aremuch
easierto definebecausenly crisp inputsmustbe con-
sidered.In particular the usualcrisp cardinalityis ap-
plicable to their aguments,which is essentialto de-
scribing the meaningof quantifiers. An interpretation
mechanisnis usedto associat¢hesespecificationsvith
their matchingfuzzy quantifiers.



Definition 3 A quantifier fuzzification mechanism
(QFM) F assignsto eath semi-fuzzyquantifier Q a
fuzzy quantifier (@) of the samearity and on the
samebaseset.

The resultingfuzzy quantifiers (@) canthenbe ap-
plied to fuzzy arguments. Assuminga ‘good’ choice
of F, i.e. a plausible model of fuzzy quantification,
this methodwill resultin meaningfulinterpretations
of NL quantificationinvolving approximatequantifiers
andfuzzy arguments.In orderto ensurecoherentand
plausibleresults,the QFM should conformto all re-
guirementf linguistic relevance.This preserationof
certainpropertiespr compatibility of F with construc-
tions on (semi-)fuzzyquantifiers,canbe likenedto the
mathematicakonceptof a homomorphism(structure-
preservingnapping).Theformalizationof alargenum-
ber of suchpropertiesandthe subsequengxtractionof
acompactdescriptioncorvergedinto thefollowing sys-
temof six basiccriteria.

(Z-1) Correct generalisation. For all crisp arguments
Yi,...,Y, € P(E), werequirethat

FQQMYr, ....Y)=QM, ...

(Combinedwith the other axioms, this condition
canberestrictedon < 1).

Rationale: a semi-fuzzy quantifier () is defined
only for crisp aguments,while F(Q) is defined
for arbitraryfuzzy agumentslf all agumentsare
crisp, @ andF(Q) mustmatch.

s V).

(Z-2) Membership assessmentThetwo-valuedquanti-
fier definedby 7.(Y) =1if e € Y andn.(Y) =0
otherwisefor crispY’, hastheobviousfuzzy coun-
terpartm. (X) = px(e) for fuzzy subsetof E. |
requirethat F (m.) = 7.

Rationale: Membership assessment(crisp or
fuzzy) can be modelledthroughquantifiers. For
anelemente of the baseset,we candefinea two-
valuedquantifierm, which checksif e is present
in its argument. Similarly, we candefinea fuzzy
quantifierm, which returnsthe degreeto which e
is containedn its argument.lt is naturalto require
thatthecrispquantifierr, bemappedo 7., which
senesthesamepurposédn thefuzzy case.

The constructionsconsideredhext will dependon the
complementand union of fuzzy sets. Thiele [12] has
shavn thatvariousplausiblechoicesof fuzzy existential
guantifiersexist, which arecloselytiedto a correspond-
ing fuzzy disjunction(andhencepunion). Consequently
we mustallow somevariability here. The fuzzy con-
nectveswhich bestmatchthe behaiour of a QFM on

quantifiers calledits inducedconnectves,areobtained
from a canonicakonstruction.

Definition 4 Theinducedfuzzy truth function F(f) :
[0,1]* — [0,1] of a ‘semi-fuzzy’truth function f :
{0,1}" —» [0,1] is definedby F(f) = F(fon 1) o
7, whee n(yr,...,yn) = {i : y; = 1} for all
Y1, Yn € {0,1} and ps(q,,....0,) (1) = z; for all
z; €[0,1],i € {1, ..., n}.

Whenaver F is understood) abbreiate V = F(V),
= = F(-) etc. Theinducedfuzzy connectves are
extendedto fuzzy set operationsin the usual ways,
e.g. u=x(e) = Sux(e) for complementatiorand
Kx,0x,(€) = px, (e)Vux, (e) for unionsof fuzzy sets.
Thedesiredcriteriainvolving theseoperationsannow
be expressedisfollows.

(Z-3) Dualisation. F must presere dualisation
of quantifiers, i.e. F(Q')( X1, ..., X,) =
SFQ) (X, ..., Xpo1,7 X,) for all fuzzy amu-
ments Xy, ..., X,, wheneer Q'(Y1, ..., Y,) =
SQ(Y,...,Y,—1,7Y,) for all crisp alguments
Yi,..., Y.

Rationale: Obviously, a phraselike “all X's are
Y’s” shouldhave the sameresultas‘it is not the
casethatsomeX’'sarenotY’s".

(Z-4) Union. F must presere unions of aguments,
i.e. we expect that F(Q")(X1,..., Xn+1) =

F(Q)(X1y..., Xpn—1,X, U X,y1) wheneer
QI(}/I;---;Yn—i-l) = Q()/la---aYn—I;Yn U
Yn+1)'

Rationale: It should not matter whether
“many X's are Y's or Z's" is com-
puted by evaluating F(many)(X,Y U Z2)
or by computing F(Q)(X,Y,Z) with
Q(X,Y,Z) =many(X,Y U 2).

(Z-5) Monotonicity in arguments. F must presere
monotonicityin argumentsi.e.if @) is nondecreas-
ing/nonincreasingn thei-th amumentthenZ(Q)
hasthe sameproperty (Whencombinedwith the
otheraxioms,the conditioncanberestrictedto the
casethat( is nonincreasingn its n-th algument.)
Rationale: Theremustbe a systematicallydiffer-
ent interpretationof statementdike “all men are
tall” and“all youngmenaretall” wheretheformer
statemenexpresseshe strictercondition.

The last criterion which | will staterequiresthe ex-
tensionof mappingsf : E — E' to fuzzy pow-
ersetmappingsf’ : P(E) — P(E'). The usual
way of doing this is by applying the standardexten-

sion principle. In this case the extensionf’ = f be-



comesyz (e') = sup{pux(e) : e € f1(e)} for all

e’ € E'. However, dueto thecloserelationshipbetween

the extensionprinciple and existential quantification,|
mustadmitotherchoicesof extensionprinciples,which
matchthe existentialquantifiers¥(3) of F.

Definition 5 Theinducedextensionprincipleof 7, de-
notedF, mapsf to theextensionf’ = F(f) definecby
,LL]_":(f)(X)(el) = F(mwe o f), whee f is thecrispimage

~

mappingf(Y) = {f(e) : e € Y} forall Y € P(E).
Basedon .7?, | cannow definethe sixth criterion:

(Z-6) Functional application. F mustbe compatible
with the requirementof ‘functional application’,
i.e. we expect that F(Q")(X1, ..., X,) =
F@QE(S)XD),- -, F(fa)(Xn)),  where
the semi-fuzzy quantifier Q' is defined by
Rationale: This abstractaxiom ensuresthat F
behave consistentlyover differentdomainsE.

Definition 6 A QFM F which satisfiegZ-1)to (Z-6) is
calleda determineffuzzificationschemgDFS).

(In linguistics,“most”, “almostall” etc.arecalled‘de-
terminers’). If F inducesthe standarchegation—z =
1 — z andthe standardextensionprinciple, thenit is
calleda standad DFS. TheseDFSesconstitutethe nat-
ural classof standardnodelsof fuzzy quantification.

A largenumberof propertiesof linguistic or logical rel-
evanceresultfrom the above axioms: If F is a DFS,
then

¢ F inducesareasonableetof fuzzy propositional
connectves,i.e. = is a strongnegation A is a t-
norm,V is ans-normetc.

o F(V) is aT-quantifierandF(3) is an.S-quantifier
in the senseof Thiele [12]. This meansthat the
universalguantifiery andthe existentialquantifier
3 areinterpretedplausiblyin every DFS.

e F is compatible with the negation of quanti-
fiers. Hencetheequality F(Q") (X1, ..., X,) =
SFQ)(Xy, ..., X,) is valid provided that
Q'(Y1, ..., Y,) = =Q(Y1, ..., Y,) bevalid.
For example themeaningof “at leastonetall men
is lucky” and“it is notthe casethatno tall manis
lucky” coincidein every DFS;

e F is compatible with the formation of
antoryms. Therefore F(Q')(X1, ..., X,) =
FQ)(X1,...,Xn 1,7 X,) is valid wheneer

Q' Y1, ..., Y,) =Q(Y1,...,Yn1,7Y,).

For example,the meaningsof “every tall menis
bald” and “no tall menis not bald” coincidein
every DFS.

e F is compatible with intersections. This
meansthat equality F(Q')(X1,...,Xpt1) =
f(Q)(Xl, ey Xpo1, X0 N Xn+1) holds, pro-
vided that the equality Q'(Y1,...,Ynt1) =
QY1,...,Yn_1,Y, NY,41) holds. For example,
themeaning®f “at leasttwo X'sareY’s’ and‘the
setof X'sthatareY’s containsat leasttwo ele-
ments”coincidein every DFS.

e F is compatible with amgument permuta-
tions. In other words F(Q')(X1,...,Xn) =
F(Q)(Xsa1),---,Xpm)) is valid wheneer
QM ..., Yn) = Q(Yaq),--., Ya(m), Where
B is a permutationof {1,...,n}. In particular
symmetrypropertiesof a quantifierare presered
by applying F. Hencethe meaningof “about 50
X'sareY’s” and“about50 Y'sareX’s” coincide
in every DFS.

e Finally, F is compatible with argumentinser
tion. This meansthat 7(Q')(Xy, ..., X,) =
F(Q)(Xy,...,Xn,A) is valid wheneer
QY1 ...,Y) = QM,...,Y,,4), for a
fixedcrispagument4 € P(E). For example,the
meaningsof “many (married X)'s are Y's” and
“(many married) X’sareY’s” coincidein F.

A number of further important propertiesare pos-
sessedby every DFS. Every DFS maps quantitatve
(automorphism-imariart) quantifierslike “almost all”
or “a few” to quantitatve fuzzy quantifiers; and it
mapshon-quantitatre casedik e “John” or “most mar
ried” to non-quantitatre fuzzy quantifiers. In addi-
tion, every DFSis contetual, i.e. F(Q)(X1,...,X,)
only dependson the behaiour of ) inside the ambi-
guity rangescore(X;) C Y; C support(X;), where
core(X;) denoteghe elementswith unity membership
andsupport(X;) denoteglementsvith non-zeranem-
bership. Every DFS is alsoknown to preserveexten-
sion i.e. insensitve to the exact choiceof the domain
asawhole. For example,we shouldexpectthatthein-
terpretationof “Most tall peoplearebald” doesnot de-
pendon the precisechoiceof the universe aslong asit
is large enoughto containthe fuzzy subset®f interest.
For a comprehensie discussiorof adequag properties
of DFSesse€[8].



3. Examplesof practical models

In orderto be usefulin practice, the abstractframe-
work sodefinedmustbe populatedwith concretemod-
els. Hencelet meintroducea constructve principle for
suchmodelsand discusssomeprototypicalexamples.
In orderto definethesemodels,we needthe cut range
T,(X) C P(E) of afuzzy subsetX atthecuttinglevel
v € [0,1], which corresponddo a symmetric,three-
valuedcutof X at~:

T,(X)={Y CE: XJ™ CY C X™}

where
Xmin _ XZ%-{-%’Y v E (0’ 1]
LA X>% v=0
Xmax — X>%—%'y ,-y € (05 ]-]

HereX>, = {e € E : pux(e) > a} denotesn-cut,
andXs, = {e € E : ux(e) > a} thestricta-cut. (y

canbethoughtof asa parameteiof ‘cautiousness’.)l

now introducea pair of mappingswhich specifyupper
andlower boundsof the quantificationresultsobtained
for all choicesof Y1, . ..,Y,, in thecutrangegthus,my

approactis basicallysupenaluationist):

TQ,x1,....%, (7) = sup{Q (Y1, ..
Lo,x1,...x, (7) = inf{Q(Y1, ..

In order to define DFSesbasedon Tg x,,....x,, and
1o.x,,..x,, theresultsof thesemappingsfor all lev-

els of cautiousnessnust be aggreyated. In [7], the
full class of models definablein this way, i.e. by

Fe(Q) (X1, -, Xn) =8(To,x1,... X0 L@, X1, X0 )

hasbeeninvestigatedand the necessanand sufiicient
conditionson ¢ have beenpresentedvhich ensurethat
Fe: bea DFS.Herel will confinemyselfto presenting
threeexamples.

5 Y)Y € To(X0)}
L Y)Y € To(X0)}

Themodel M useshefuzzy median,

min(u1, us) min(u1,uz) > 1

medi (u1,u2) = ¢ max(u1,us2) <3
3

1 : else

max(u1, u2)

for all u1,us € [0,1], to combineTg and Lg. It
theneliminatesthe cutting parameteby anintegration.
Thus,

M(?)(Xl, vy Xn)
= fo med% (TQlea---,Xn (7)7 J—Q,X1,---,Xn (7)) dy .

It canbe shavn that M is a standardDFS. It is con-
tinuousin argumentsandquantifiersj.e. robustagainst

slightvariationsin X1, ..., X, andin thequantifierQ.
Moreover M is known to propagatduzzinessin argu-
mentsandquantifiers,.e. lessspecificinput cannotre-
sultin morespecificoutputs.

The integral, which | usedin the definition of M, is

not the only possibleway of abstractingfrom ~. In

the courseof my investigationinto the possiblemod-
els,thereemegeda model M cx whichis the provably
bestchoicefrom a linguistic perspectie, even among
thefull classof standardnodels.For example,it is the
only standad modelwhich permitsthe compositional
interpretatiorof adjectval restrictionby a fuzzy adjec-
tive, like in “almostall young A’sareB’s”. It is hence
guaranteedthat Mcx(almostall young)(4,B) =

Mcx(almostall)(youngn A, B). Like M, themodel
is alsocontinuousn argumentsandin quantifiersandit

alsopropagate$uzziness.Becauseof its uniqueprop-
erties, Mcx is the preferredchoicefor all applications
thatneedto captureNL semanticgadditionalproperties
arediscussedh [8]).

The model can be definedin terms of Ty, Lo and
med, /,-basedaggraation, but also in the following
morecompactform.

Mex(Q)(X1, ..., Xn) =sup{Qv, w(X1, ..., Xn):
Vi CWi,...,Va CW,}
where
Qv w (X1, ..., Xp) =min(Evw (X1, ..., Xn),
inf{Q(Y1,...,Yn): V; CY; C W;}
Ev,w (X1, ..., X,) = min}; min(inf{ux;, () : e € Vi},

inf{1 — ux;(e): e ¢ Wi}).

Another interestingaspectof Mgx is that it consis-
tentlygeneralisethe Sugenadntegralandhencethe‘ba-
sic’ FG-countapproacho arbitraryn-placequantifiers,
andto quantifiersthat do not fulfill ary specialmono-
tonicity requirements.

My lastexampleF,. is definedby
]:owa,(Q)(Xl, teey X’n) = % .{01 TQ,Xl ----- Xn (’)’)d’)’
+3 Jo Laxi,.x, (7)dy .

Fowa isastandardFS.Themodelis of particularinter-
estbecausét consistentlygeneraliseshe Choqueinte-
gralandhencethe ‘basic’ OWA approachto the ‘hard’
casef generaimultiplaceandnon-monotoniauanti-
fiers. Fowa is a practicalmodelbecauset is continu-
ousbothin agumentsandin quantifierswhich ensures
a certainstability. However, F,., doesnot propagate
fuzzinesdn argumentsorin quantifiers.It is therefore
inferior to the othermodelsfrom anadequag perspec-
tive becausdessspecificinput canresultin more spe-
cific output. NeverthelessF,.. canbeusefulwhenthe



inputsareoverly fuzzy andonestill needsafine-grained
resultranking,becausét discernscasesn which mod-
elsthatpropagatduzzinessareno longerinformative.

To sumup, thereis abasicstockof prototypicalmodels,
which canbe usedin applications. Thesemodelsare
computational. An efficient histogram-basednethod
for implementingquantifiersin M, Mcx and Fowa

is describedin [8]. The method,which is applicable
to arbitraryquantifiersdefinedin termsof cardinalities,
hasbeenfurtheroptimizedfor absoluteandproportional
guantifiers,quantifiersof exceptionand cardinalcom-
paraties.

4. Extension towards multiple vari-
able binding

Letusstartfrom thenotionof crispquantifiersvhichin-
corporatenultiple-variablebinding. A Lindstrtomquan-
tifier is a class @ of (relational) structuresof some
typet = (t1,...,t,), suchthatQ is closedunderiso-
morphism[11, p.186]. The cardinaln € N specifies
the numberof arguments;the individual components
t; € N specifythe numberof variablesthatthe quan-
tifier bindsin its i-th algumentposition. For exam-
ple, the existential quantifier which acceptsone argu-
mentand binds one variable,hastypet = (1). The
correspondinglass€ comprisesall structures(E, A)
whereE # @ is abasesetand A is a nonemptysub-
setof E. In theintroduction,we have alreadymetwith
a more complex quantifier@ of type (1,1,2). In this
case,Q is the classof all structures(E, A, B, R) with
Q(A,B,R) = 1, whereE # @ is the basesetand
A, B € P(E), R € P(E?).

In orderto modelNL quantifierdike “all exceptLotfi”,
which dependon specificindividuals,we mustdropthe
requiremenbf isomorphismclosure.Hence,in princi-
ple, a genemlized Lindstrom quantifieris a classQ of
relationalstructureof acommontypet = (t1, ..., ).
For my purposesit is convenientto breakdown thein-
formationgatheredn thetotal classQ into morelocal-
ized representationsThis is accomplishedy the fol-
lowing definition:

Definition 7 A two-valued L-quantifier of typet =
(t1,...,t,) ONabasesetE # & assigns crisp quan-
tificationresultQ (Y1, ..., ¥,) € {0,1} toead choice
of crisp argumentsY; € P(E%), i € {1, ..., n}. A
full two-valuedL-quantifier@ of typet assignsa two-
valuedL-quantifier) g of typet on E to eat baseset
E+# 2.

It should be apparentthat ‘full’ L-quantifiersare in

one-to-onecorrespondenceith generalized.indstrom
quantifiers. For my purposes,however, it is prefer

able to generalizethe relativized notion. In orderto

develop a theory of fuzzy quantificationwhich incor-

porated_indstrom quantifiers andhencemultiple vari-
ablebinding, | will pursuethe samebasicstrateyy that
proved itself useful for analysingordinary quantifiers,
i.e. I will introduce(semi-)fuzzyL-quantifiersand L-

QFMs.

Definition 8 A semi-fuzzy L-quantifier of type ¢t =
{(t1,...,tn) on E # @ assignsa gradual quantifica-
tion resultQ(Y1, ..., Y,) € [0,1] to eat choice of
crispargumentsy; € P(E%),i € {1, ..., n}.

Thus,@ acceptrispargumentf theindicatedtypes,
but it can expressapproximatequantifications. Semi-
fuzzy L-quantifiersareproposedasa uniform specifica-
tion mediumfor arbitraryquantifierswith multiple vari-

ablebinding. Again, we alsoneedoperationalquanti-
fiers,which arenotrestrictedto crispinputs:

Definition 9 A fuzzy L-quantifier of type ¢ on
E # o assignsa gradual quantification result
, Xn) € [0,1] to eadh choice of fuzzyar-

Q(X1, ..., Xp)
gumentsX; € P(Et),i € {1, ..., n}.

A suitablefuzzificationmechanisnwill be usedfor as-
sociatingspecificationgo targetquantifiers.

Definition 10 AnL-QFM F assigndo eat semi-fuzzy
guantifier@ of sometypet on E # @& a corresponding
fuzzyL-quantifier 7(Q) of the sametypet and on the
samebasesetE.

It is possibleto developplausibility criteriafor L-QFMs
in total analogyto thosefor ordinary QFMs. How-
ever, somepreparationgrenecessaryin orderto iden-
tify a matchingchoiceof fuzzy connectvesand of ex-
tensionprinciple, | associatewith every L-QFM F a
correspondindordinary’ QFM Fr, definedasfollows.
For every n-ary semi-fuzzyquantifierQ : P(E)" —
[0,1],0n E, let Q' denotethen-ary quantifieron E* de-
finedby Q'(Y1,...,Y,) = Q'(I(%1),...,9(Y,)) for
allvy,...,Y, € P(E'), whered : E' — E is the
mapping?((e)) = e for all (¢) € E'. We thenstipu-
late:

Definition 11 TheQFM Fg is definedby

-FR(Q)(XD v aXn) = f(QI)(B(Xl)a s JB(X’VL))
forall X4,...,X, € 75(E), Wheleé is obtainedfrom
themappings : E — E* with 3(e) = (e) byapplying
the standad extensionprinciple.



The inducedfuzzy connectvesandthe inducedexten-
sion principle of F areidentifiedwith the connectves
and the extension principle induced by the ordinary
QFM Fp.

Basedon thesepreparations| cannow develop crite-
riafor plausibleL-modelsof fuzzy quantificatiorwhich
parallelmy requirement®n QFMs. (The‘rationale’ for
theseconditionsis the sameasabovein eachcase).

(L-1) Correctgeneralisation.lIt is requiredthat

f(Q)(Yla aYn):Q(Yh ;Yn)

for all crisp agumentsY; € P(E%), i €
{1, ..., n}, combinedwith the otheraxioms,this
conditioncan be restrictedto quantifiersof types
t=()ort={(1).

(L-2) Membership assessment.Quantifiersfor mem-
bership assessmenof the special form (.
P(E') — {0,1} for somee € E alsoqualify as
two-valuedL-quantifiersof type (1) on E. These
guantifiersshouldbe mappedo their fuzzy coun-
terpartsm,y of type (1) on E, i.e. we musthave
F(me)) = 7ey.

(L-3) Dualisation. F must presere dualisation
of quantifiers, i.e. F(Q')( X1, ..., X,) =
SFQ)( X1,y Xn_1,5X,) for all fuzzy ar
gumentsX; € P(EY) if Q'(Yi, ...,Y,) =
SQ(Y,...,Y, 1,7Y,) for all crisp aguments
Y; e P(E%),ie {1, ...,n}.

(L-4) Union. F must presere unions of arguments,
i.e. we must have F(Q')(X1,...,Xpnt1) =
FQ)(X1,.--, X 1,X, U X,y1) whenaer
QI(Y-la . -,Yn-i—l) = Q(Y17 s 7Yﬂ*17YnUYn+1)'

(L-5) Monotonicity in arguments. We requirethat 7
presere monotonicity in arguments,i.e. if Q is
nondecreasing/nonincreasiimgthei-th agument,
then F(Q) hasthe sameproperty (The condition
canagainberestrictedto the casethat( is nonin-
creasingn its n-th agument).

(L-6) Functional application. Given a semi-fuzzyL-
quantifier@ of typet = (t1,...,t,) on E, an-

other type ¢/ = (t{,...,t,) (samen), a set
E' # @, andmappingsf; : E'% — E% for
i € {1, ..., n}, we candefinea quantifier )’

of type t' on E' accordingto Q'(Y1,...,Y,) =
QUL(N), .., Fn(Yn)) for all v; € P(E'™), i €
{1, ..., n}.

It is required that F(Q")(X1, ..., Xpn) =
7(Q)(7(f)1(X12, c F(f), (X)) for all fuzzy
argumentsX; € P(E'%),i e {1, ..., n}.

Definition 12 AnL-QFM which satisfieqL-1) to (L-6)
is calledanL-DFS.

Let usnow considersomeresultson thesemodels.

Theorem1 For every L-DFS F, the corresponding
QFM FgrisaDFS.

(The generalizednodelsare also suitablefor carrying
out‘ordinary’ quantification.)

As | will now show, the corverseclaim is alsotrue,i.e
guantificationin L-DFSescan be reducedto quantifi-
cationin the simple models. The constructionwhich
acccomplishethis reductionis definedasfollows. Let
F be anordinary QFM andlet ¢ be a semi-fuzzyL-
quantifierof typet = (t1,...,t,) ON E # &. Let
m = max{ty,...,t,} and define embeddings; :
E* — E™ andprojectionss; : E™ — Eti by

Q-(el,...,eti) = (el,...,eti,l,eti,eti,...,eti)
Ki(el,...,em) = (e1,...,€)
fori € {1, ..., n}. | now introducean n-ary semi-

fuzzy quantifierQ’ on E™ definedby

Q' Y1, ..., )
= QR1(Y1 N G(EN)), ..., Rn(Ya N Ga(E™))),

forall Y1,...,Y, € P(E™).

Definition 13 For everyQFM F, theL-QFM F, is de-
finedby

FL@Q) (X1, -y Xn) = F(@Q)EL(X0), -, (X))

for all X; € P(E%), i € {1, ..., n}, Wheetheéi’s
are obtainedfrom(; by applyingthe standad extension
principle.

| have the following resultson this canonicalconstruc-
tion of anL-QFM F, from agivenQFM F.

Theorem?2 If FisaDFS,thenFpg = F.

(Fr properlygeneralizeshe original modelF.)
Theorem3 If F isa DFS,thenFy, isanL-DFS.
(Theproposedonstructiorresultsin plausiblemodels.)

Theorem4 If F isanL-DFS,thenFgr, = F.



The latter theoremis of particular relevancebecause
it eliminatesthe problemof establishingclassesf L-
DFSesaltogether Every L-DFS F' cannow be ex-
pressedas F' = Fr, whereF is oneof the ordinary
modelswhich have alreadybeenstudiedto somedepth.
This is of invaluablehelp becausehe investigationof
constructve principlesfor plausiblemodels,like those
presentedh section2, turnedoutto bearathercomple
matterwhich requiresconsiderablesffort. The canon-
ical constructionof Fr, then, permitsthe use of the
proven modelsM, Mcx and F,w, to handlethe new
caseof fuzzy L-quantification.In the following, | will
identify thesemodelswith their extensiondfor simplic-
ity, thuswriting Mcx ratherthan(Mcx),, etc.

5. Quantifier nestings

Theaxiomsfor L-DFSesaredirectly modelledafterthe
correspondingxiomsfor ordinary DFSes;they do not
referto detailsof multiple variablebinding. It is anin-
terestingquestionif additionalaxiomsspecificallycon-
cernedwith L-quantifierscanbeusefulto identify those
L-DFSesbestsuitedfor modelling branchingquantifi-
cation.

A constructionthat comesto mind is quantifier nest-
ing. ConsiderQ'zQ"yy(z,y), for example. Basedon
semi-fuzzyL-quantifiers,we caneitheranalysethis in
termsof two quantifiersof typet; = t» = (1) ap-
plied in succession.Alternatively, we canlook at the
wholeblock Q., = Q'zQ"y, which correspondso a
singlesemi-fuzzylL-quantifierof typet = (2). Now let
R € P(E?) betheinterpretationof ¢(z,y) asa fuzzy
relation. The analysisin termsof two separatequan-
tifier will resultin an interpretation”(Q')(Z), where
uz(e) = F(Q")(eR) andpu.r(e') = pr(e,e) for all
e,e! € E. This analysisthus correspondso a fuzzy
L-quantifier F(Q') @ F(Q") of type(2) definedby

F(Q)@F(Q")(R) =F(Q)(2)
for all fuzzyrelationsR € P(E?). The quantifierblock

Qzy, ontheotherhand,correspond$o a semi-fuzzyl -
quantifierQ’ @ Q" of type (2) definedby

Q' @Q"(S) = F(Q)(2),

uz(e) = Q"(eS), eS ={e' : (e,e') € S} for all crisp
relationsS € P(E?), andit resultsin asecondnterpre-
tation, F(Q' @ Q")(R). (I amusingthe ‘tilde’-notation
@ hereto signify thatQ’ @ Q" depend®n the chosen
L-QFM). It is naturalto requirethatthetwo interpreta-

tionscoincide,i.e.

FQ QQ") =F@Q")aF@Q".

More generally we candefinea nestingoperationfor
semi-fuzzyL-quantifiersQ’ of typet = {t1,...,tn),
n > 0 andQ" of arbitrarytypet’ = (t{,...,t.,),n’ €

) n,i

N. In this casethe semi-fuzzyl -quantifierQ’ @ Q" of
typet* = (t1,...,tn—1,tn + ti,...,tn + t.,) Which
resultsfrom the nestingof Q" into the lastargumentof
@', becomes

Q' @Q"(Y1,...,Yn_1,5,...,5u)

= f(QI)(Yia '7Yn—17Z)
forallY; € E%,i e {1,...,n — 1} andS; € Et»*%,
je{1,...,n'}, whereZ e P(E'~) is definedoy

pz(er,...,e,)
= .7:(Q”)((el,...,etn)Sl,...,(el,...,etn)Sn:)

and

= {(e’l,...,e;;) : (el,...,etn,e’l,...,egg) €S;}

for j € {1,...,n'}. Similarly, the fuzzy L-quantifier
F(Q") @ F(Q") of typet* on E is definedby

I(Ql)@f(Q”)(Xla'"7Xn—17R17'--7Rn')
=‘7:(QI)(X17"'JXTL—17Z)

for all X; € P(B%), i € {1,...,n—1} andR; €
PERt), j e {1,...,n'}, where

pzer, ... e,)
= f(Q")((el,. ..,et")Rl,.. .,(61,. ..,et")Rn/)

and

H(eq,....es,, ) R; (ella R e;;)
= uRj(el,...,etn,e'l,...,eig)
for j € {1,...,n'}. In thisgenerakasetoo, we would
expectthat
FQ'eQ") =F@Q)eF@"). (QN)

A conforming L-QFM will be said to be compatible
with quantifiernesting combiningthe new requirement
with the axiomsfor L-DFSesthentakesusto a notion

of strongL-DFSes.

Judgingfrom somefirst tests,it appearghat quantifier
nestingexpresses very restrictve conditionwhich ex-

cludesmary usefulmodels;! even conjecturethat the
criterion invalidatesall standardnodelsexcept M ¢x.

Thus,somefurtherwork is necessario substantiatéhis
claim andachieve a precisecharacterizatioof the con-
forming models.



Let me further commenton the limitation of (QN) to

nestingsn thelastargumentof the quantifier@’. Nest-
ings in anotherargumentpositionk canbe reducedto

this caseby flipping argumentpositionsk andn, per

forming the nestingin the last agument,andthenre-

orderingthe agumentsagaininto their intendedtarget
positions. But, every DFS is known to be compatible
with suchpermutationof argumentpositions,a prop-
erty which apparentlygeneralizedo L-DFSes. Conse-
guently the compatibility of a DFSwith nestingsn the
lastargumentpositionis sufficientto ensurehatit also
complywith nestingsn otherargumentpositions.

By repeatinghis process{QN) evenensureghe com-
patibility of conforming L-DFSeswith multiple nest-
ings of arbitrary depths. Thus, the conditionis suffi-
cientto cover generalnestingsinvolving quantifiersof
arbitrary typeswith an arbitrary numberof embedded
quantifiers.

It would be usefulhowever, to relatethe proposedyen-
eral nestingdn the lastagumentto the simple nesting
of unaryquantifiersconsideredearlier, or othersimpli-
fied nestingcriteria. This might facilitatethe checkthat
a modelof interestcomply with the nestingcondition,
and also eliminate someredundang from the axiom
system.| expectthatthe generalnestingsdescribedy
(QN) canbereducedo a simplercriterion, but further
researchs necessaryo clarify this matter

6. Application to fuzzy branching
guantification

Let me nowv explain how the motivating example,
“Many youngand mostold peoplerespecteachother”
canbe interpretedin the proposedramework. In this
case,we have semi-fuzzy quantifiers@); = many,
definedby many(Y1,Y:) = |Y1 NY3|/|Y1|, say and
Q2 = most, definedasabove. Both quantifiersarenon-
decreasingn their secondargument,i.e. we canadopt
eq.(*) proposedy Barwise. The modificationtowards
gradualtruth valueswill be accomplishedn the usual
way, i.e. by replacingexistential quantifierswith sup
and conjunctionswith min (non-standardonnectives
are not possiblehere). The semi-fuzzyL-quantifier @
of type(1, 1, 2) constructedrom @1, Q> thenbecomes

Q(A,B,R)
= sup{min(Q1(4,U),Q2(B,V)): U x V C R}

for all A,B € P(E) andR € P(E?). Hence“Many
menandmary womenarerelativesof eachother”, for
example,which restson crisp argumentsjs now taken
to denotethe maximumdegreeto which mary menand

mary womenbelongto agroupU x V' C R of mu-
tual relatives. In my experience,this is a conclusve
analysis;but we still needto extendit to fuzzy argu-
ments. To this end, it is sufficient to apply the cho-
senL-DFS F. We then obtainthe fuzzy L-quantifier
F(Q) of type (1,1, 2) suitedto handlethis case.In the
original exampleinvolving fuzzy setsof youngandold
people,we have fuzzy subsetsyoung,old € P(E) of
youngand old people,respectiely, and a fuzzy rela-
tion rsp € P(E?) of peoplewho respecteachother
Thus,a meaningfulinterpretationof “Many youngand
mostold peoplerespecteachother” is now given by

F(Q)(young, old, rsp).

Finally let me describe how Westersihl's generic
methodfor interpretingbranchingguantifierscanbeap-
plied in thefuzzy case.Hencesupposéhat @, Q- are
arbitrarysemi-fuzzyquantifiersof arity n = 2 on some
basesetE. Following Westershhl, | introducenonde-
creasingandnonincreasin@pproximation®f the@;’s,

definedby QF (V1,Y2) = sup{Q:(Y1,L) : L C Ya}

andQ; (Yi,Yz) = sup{Qi(Y1,U) : U D Yz}, respec-
tively. With the usualreplacemenbf existentialquan-
tification with sup and conjunctionwith min, West-
ershhlsinterpretatiorformula[13, p.281, Def.3.1] be-
comes:

Q(AJ B; R) = Sup{mln{QT (A7 Ul): Q;_ (B7 Vi);

Q;(A7U2)7Q;(B7‘/2)} :
(U N A) x (Vi N B)
CRN(AxB)C (UsnA)x (VanB)}

for all A,B € P(E) andR € P(E?). Application of

an L-DFS thendetermineghe correspondindguzzy L-

quantifierF(Q) of type(1, 1, 2) suitablefor interpreta-
tion. As shavn by Westersahl [13, p.284], his method
resultsin meaningfulinterpretationsprovided that (a)
the @;’s are‘logical’, i.e. @Q1(Y1,Y2) and Q2(Y71,Y2)

can be expressedas a function of |Y;| and |Y; NY3|,

seevan Benthem[3, p.446] and [4, p.458]; and (b),

the @;'s arecorvex in their secondargument[6, p.55,
Def.85], or ‘CONT’ in Westershhl's terminology i.e.

Ql(yvlyyé) > mln(Qz(}/bL):Ql(}/laU) for all L c

Y, C U. The latter conditionensureghat Q; and Q-

canberecoveredfrom their nondecreasingpproxima-
tions Q; andtheir nonincreasingpproximationsQ;

i.e. Q; = min(Q;,Q;). Thisis generallythe case
when@; and@- areeithernondecreasin@ their sec-
ond argument(“many”), nonincreasing“few”), or of

unimodalshapg“aboutten”, “aboutonethird”). An ex-

ampleof branchingquantificationwith unimodalquan-
tifiers, which demandthe genericmethod,is “About
fifty young and aboutsixty old personsrespecteach
other”.



7. Conclusion

Recognizingthe utility of branchingquantifiersto lin-

guistic modelling, | have proposedan extension of

the DFS theory of fuzzy quantificationwhich incor-

poratesthesecases. Specifically | introducedfuzzy
L-quantifiers(generalization®f Lindstrdom quantifiers
to approximatequantifiersandfuzzy arguments) semi-
fuzzy L-quantifiers (uniform specificationsof such
guantifiers)and plausiblemodelsof fuzzy quantifica-
tion involving thesequantifiers calledL-DFSes,shaw-

ing that

(a) everyplausiblemodelof ‘ordinary’ fuzzy quantifi-
cation (DFS) canbe extendedto a uniqueL-DFS
for quantifierswith multiple variablebinding;

(b) no other L-DFSes exist beyond those obtained
from (a).

Westersihl's analysisof branchingNL quantification
in terms of Lindstrdom quantifiersis easily general-
izedto semi-fuzzyl-quantifiers. By applyingthe cho-
senmodel of fuzzy quantification,one then obtainsa
meaningfulinterpretationfor branchingquantification
involving approximatequantifiersandfuzzy arguments.

The identificationof thoselL-DFSesspecificallysuited
for modelling branchingconstructionds an advanced
topic that shouldbe tackledby future research.l have
alreadyhintedat a possiblestrengtheningf the system
basedon quantifiernesting,but the resultingcriterion
appeargo be extremelyrestrictve andit is not clearat
this pointif it canberequiredwithout sacrificinguseful
modelslike M and Fyya.

The proposedanalysisof reciprocal constructionsin
termsof fuzzy branchingguantifierds of particularrel-
evanceto linguistic datasummarizatior{9, 14]. Many
summarizer®f interestexpressmutual (or symmetric)
relationshipsaandcanthereforebeverbalizedby arecip-
rocalconstruction(AsymmetricalrelationsR' canalso
be usedin reciprocalconstructionsafter symmetriza-
tion, i.e.they mustbereplacedvith R = R'NR'°?). An
ordinarysummanyike“ @ X’ sarestronglycorrelated
with Q5 X>'s” doesnot capturethe symmetricainature
of correlations,andit neglectsthe resultinggroupsof
mutually correlatebjects.Theproposednodellingin
termsof branchingquantifiers by contrastpermitsme
to supporta novel type of linguistic summariespecifi-
cally suitedfor describinggroupsof interrelatedbjects.
Branchingquantification,in this view, is a naturallan-
guagetechniquefor detectingsuchgroupsin the data.
A possiblesummaryinvolving areciprocalpredicates
“The intake of mostvegetableandmary health-related
indicatorsarestronglyassociateavith eachother”.
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