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Abstract

Lindström [11] introduceda very powerful notion of
quantifiers, which permits multi-place quantification
and the simultaneousbinding of several variables. A
specialcase, ‘branching’ quantifiers, was foundto be
usefulin linguistics,specificallyfor modellingrecipro-
cal constructionslike “Most menandmostwomenad-
mireeachother”. Westerståhl [13] showedhowto com-
putethe three-placeLindström quantifierfor “ ©>ª�« ’s
and ©�¬z­ ’s ® each other” from the two-placequanti-
fiers ©>ª and ©Q¬ , assumingprecisequantifiersandcrisp
arguments. In the report, I generalize Westerståhl’s
methodto approximate quantifiers like “many” and
fuzzyargumentslike “young”. A consistentinterpre-
tation is achievedby incorporating Lindström quanti-
fiers into the DFStheoryof fuzzyquantification[5, 8],
which restson a systemof formal adequacycriteria.
Theproposedanalysisis of specialimportanceto lin-
guisticdatasummarizationbecausethefull meaningof
reciprocal summarizers (e.g. describingfactors which
are “corr elated” or “associated”with each other),can
only becapturedbybranchingquantification.1

1. Intr oduction

The quantifiersfound in naturallanguage(NL) areby
no meansrestrictedto the absoluteand proportional
typesusuallyconsideredin fuzzy set theory. The lin-
guistic theoryof quantification,i.e. theTheoryof Gen-
eralizedQuantifiers[2] (TGQ), recognizesmore than
thirty differenttypesof quantifiers,includingquantifiers
of exceptionlike “all exceptaboutten”, cardinalcom-
parativeslike “many morethan” andmany others[10].
Thesequantifierscan be unary (like propernamesin
“Ronaldis ¯ ”) or multi-place;quantitative(like“about
ten”) or non-quantitative (like “all exceptLotfi”); and
they canbesimplex or constructed,like “most married

1The proofs of all theorems cited here are listed in [8],
where the subject is discussedat some more length. The re-
port is availablefrom theauthor’s homepagehttp://www.techfak.uni-
bielefeld.de/techfak/ags/ti/personen/ingo/.

¯ ’sare° ’sor ± ’s”. However, it isnotonly thediversity
of possiblequantifiersin NL which posesdifficultiesto
asystematicandcomprehensivemodellingof NL quan-
tification. Even in simplecaseslike “most”, the ways
in which thesequantifiersinteractwhen combinedin
meaningfulpropositionscanbecomplex andsometimes
even puzzling. Consider“Most menandmostwomen
admireeachother”, for example,in which we find a re-
ciprocalpredicate,“admireeachother”. Barwise[1] ar-
guesthatso-calledbranchingquantificationis neededto
capturethe meaningof propositionsinvolving recipro-
calpredicates.Withoutbranchingquantifiers,theabove
examplemustbelinearlyphrasedaseither

a. ² ³�´
µ·¶u¸�¹º³�»}¼^½¾¸-¿ÁÀk² ³�´
µ·¶-Â�¹ºÃ�´�³�»}¼Ä½ÅÂ ¿ÁÀ"Æ�Çr³È½Å¸ÄÉÊÂ ¿
b. ² ³�´ËµÊ¶ Â�¹ºÃ�´�³�»}¼Ä½ÅÂ ¿ÁÀk² ³�´
µ·¶u¸È¹�³�»Ì¼^½Å¸w¿ÁÀ"Æ�Çr³X½¾¸^ÉÊÂ ¿wÍ
Neither interpretationcapturesthe expectedsymmetry
with respectto the menandwomeninvolved. In fact,
weneedaconstructionlike² © ª ¸X¹Î³�»}¼Ä½Å¸-¿kÀ² © ¬ Â�¹ºÃ�´�³�»}¼Z½¾Â ¿ÁÀ Ï Æ�Çr³O½Å¸ÄÉÊÂ ¿
wherethequantifiers© ª�Ð © ¬�Ð ³�´
µ·¶ operatein par-
allel and independentlyof eachother. This branching
useof quantifierscanbeanalysedin termsof Lindström
quantifiers[11], i.e. multi-placequantifierscapableof
binding several variables. In this case,we have three
arguments,andthequantifiershouldbind ¸ in ³�»}¼Ä½Å¸-¿ ,Â in Ã�´�³�»Ì¼Z½ÅÂ ¿ andbothvariablesin Æ�Çr³È½Å¸ÄÉÊÂ ¿ . Thus,
the above branchingexpressioncanbe modelledby a
Lindströmquantifier © of type Ñ·ÒËÉ}Ò�ÉÔÓ�Õ :©�Öº× Ø�× ÖÌØ
½Å³�»}¼Ä½Å¸-¿ÙÉÊÃ�´�³�»}¼�½ÅÂ ¿hÉ�Æ�Çr³È½¾¸^ÉÊÂ ¿6¿wÍ
Let usnow considertheproblemof assigningan inter-
pretationto suchquantifiers.Obviously, © dependson
themeaningof “most”. Assumingafixedchoiceof base
setor ‘universe’ ÚÜÛÐÞÝ , over which thequantification
ranges,thequantifier“most” in its precisesense(major-
ity of) canbeexpressedas

most½¾° ª É�° ¬ ¿ ÐÞß Òà¹âá ° ª�ã ° ¬ árä ª¬ á ° ª áå ¹ else
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for all crisp subsets° ª , ° ¬ of Ú (assumingthat Ú be
finite). This letsusevaluate“mostmenaremarried”by
calculatingmost½ menÉ married ¿ , wheremenÉ married
arethesetsof menandof marriedpeople,respectively.
The definition canbe extendedto basesetsof infinite
cardinality if so desired. A possibleinterpretationof
“most” in this caseis

mostæVçwèÔékçuêÔëZìîíï ðòñ�ó çwè-ô>çuêZô>õÄæVçwè-ô>çuêÔë<öìø÷
for all bijectionsõ ó çwè�ù7úûçwèü ó else

where ° ª É6° ¬Lýøþ ½¾Ú>¿ . Now attemptinga similar anal-
ysisof theabovequantifier © , we noticethat thequan-
tifier mustacceptthreearguments,i.e. thesets «QÉ�­ ýþ ½�Ú>¿ of menandwomen,andthebinary relation ® ýþ ½�Ú ¬ ¿ of peopleadmiring eachother, assumedto be
crisp for simplicity. The quantifierthen determinesa
two-valuedquantificationresult ©ÿ½¾«>É6­�É6®�¿ ý�� å É}Ò��
from thesedata. Barwise[1, p.63] showedhow to de-
fine © in aspecialcase;hereI adoptWesterst̊ahl’srefor-
mulationfor binaryquantifiers[13, p.274,(D1)]. Hence
considera choiceof © ª É�© ¬ ¹ þ ½¾Ú ¿ ¬���� � å É}Ò�� . Let
us further assumethat the ©	� ’s, like “most”, arenon-
decreasingin their secondargument,i.e. ©	�Ê½�° ª É6° ¬ ¿�
©	�6½¾° ª É�°
�¬ ¿ whenever ° ¬�� °
�¬ . In this case,the com-
plex quantifier © becomes:� æ�� é��Qé��<ë (*)ì � ñ�ó�������� � � ó � èhæ���é � ëZì ñ"! � êÌæ��Qé � ëZì ñü ó else

Hence“Most menandmostwomenadmireeachother”
meansthat thereexistsa mutualadmirationgroup #%$& � ÆËÇr³ suchthatmostmanandmostwomenbelong
to thatgroup.In my view, thisanalysisis correctandex-
pressestheintendedmeaningof theexample.It should
be remarked at this point that Westerst̊ahl, unlike Bar-
wise,is only concernedwith ‘conservative’ quantifiers,
thusassumingthat ©	�6½¾° ª É�° ¬ ¿ Ð ©��6½�° ª É6° ª^ã ° ¬ ¿ . This
permitshim to restrictattentionto #'$ & � ® ã ½¾«�$G­�¿
ratherthan #($ & � ® withoutchangingtheinterpreta-
tion. Westerst̊ahl thenextendsthis analysisto a generic
constructionwhich alsoadmitsnon-monotonicquanti-
fiers(p.281,Def.3.1).

But, how can we incorporateapproximatequantifiers
and fuzzy arguments,like in “Many young and most
old peoplerespecteachother”?

In the following, I presenta method which assigns
meaningfulinterpretationsto suchcases.I first describe
theformal framework in which I will carryout this en-
deavour. In thisconnectionI alsopresentsomepractical
modelsfor ‘ordinary’ fuzzy quantification;aswe shall
see,thesewill also prove useful for fuzzy branching

quantification.Following this, I show how Lindström-
likequantifierscapableof bindingseveralvariablescan
be incorporatedinto the chosenframework. Finally I
explainhow theaboveanalysisof branchingquantifiers
andits generalizationby Westerst̊ahl canbeutilized for
interpretingfuzzybranchingquantification.

2. The Linguistic Theory of Fuzzy
Quantification

TheTheoryof GeneralizedQuantifiers[2, 10] restsona
simplebut expressive modelof two-valuedquantifiers,
which offers a uniform representationfor the diversity
of NL quantifiersmentionedabove. However, TGQwas
not developedwith fuzzy setsin mind,andits semanti-
calanalysisis essentiallytwo-valued.In orderto recon-
cile fuzzy quantifiersandlinguistic consensus,the au-
thor developeda linguistic theoryof fuzzy quantifica-
tion, known as‘DFS theory’ [8, 5, 6], whichgeneralises
the basicconceptsof TGQ to approximatequantifiers
and fuzzy arguments,thusachieving a comprehensive
treatmentfuzzy NL quantifiers,andcoherentinterpre-
tationswhich follow the linguistic expectations.To ac-
complishthis, thetheoryintroducesthefollowing basic
notions.

Definition 1 An ) -ary fuzzy quantifier *© on a base
set Ú ÛÐ Ý assignsa gradual quantification result*©�½Å¯ ª É}Í}ÍÌÍÙÉÊ¯,+ ¿ ý ² å É}Ò}À to each choiceof fuzzysubsets¯ ª É}ÍÌÍ}ÍÙÉ6¯,+ ý *þ ½¾Ú ¿ .
( *þ ½�Ú>¿ denotesthe fuzzy powerset). Fuzzyquantifiers
constitutean expressive classof operators. However,
they areoften hardto definebecausethe familiar con-
ceptof cardinalityof crisp setsis not applicableto the
fuzzysetsthatform theargumentsof a fuzzyquantifier.
It is thereforenecessaryto permitasimplifiedspecifica-
tion, howeverpowerful enoughto embedall quantifiers
in thesenseof TGQ.

Definition 2 An ) -ary semi-fuzzyquantifieron a base
set Ú ÛÐ@Ý assignsa gradual result ©�½¾°
ª"É}ÍÌÍ}ÍÌÉ6° + ¿ ý² å É}Ò}À to all crispsubsets°
ªºÉ}Í}ÍÌÍÙÉ6° + ýLþ ½¾Ú>¿ .
Comparedto fuzzy quantifiers,semi-fuzzyquantifiers
areclearlybetteraspecificationmedium:they aremuch
easierto definebecauseonly crisp inputsmustbecon-
sidered.In particular, the usualcrisp cardinalityis ap-
plicable to their arguments,which is essentialto de-
scribing the meaningof quantifiers. An interpretation
mechanismis usedto associatethesespecificationswith
theirmatchingfuzzy quantifiers.
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Definition 3 A quantifier fuzzification mechanism
(QFM) - assignsto each semi-fuzzyquantifier © a
fuzzyquantifier -O½�©>¿ of the samearity and on the
samebaseset.

The resultingfuzzy quantifiers-�½�©Q¿ can then be ap-
plied to fuzzy arguments. Assuminga ‘good’ choice
of - , i.e. a plausible model of fuzzy quantification,
this methodwill result in meaningful interpretations
of NL quantificationinvolving approximatequantifiers
andfuzzy arguments.In order to ensurecoherentand
plausibleresults,the QFM shouldconform to all re-
quirementsof linguistic relevance.This preservationof
certainproperties,or compatibilityof - with construc-
tionson (semi-)fuzzyquantifiers,canbe likenedto the
mathematicalconceptof a homomorphism(structure-
preservingmapping).Theformalizationof alargenum-
berof suchpropertiesandthesubsequentextractionof
acompactdescriptionconvergedinto thefollowing sys-
temof six basiccriteria.

(Z-1) Corr ect generalisation. For all crisp arguments°
ª"ÉÌÍ}Í}ÍÌÉ6° + ý�þ ½�Ú>¿ , we requirethat

-�½�©Q¿Ù½�°wªºÉ�Í}ÍÌÍÙÉu° + ¿ Ð ©�½¾°
ª�É Í}ÍÌÍ}Éu° + ¿wÍ
(Combinedwith the other axioms,this condition
canberestrictedto ).
òÒ ).
Rationale: a semi-fuzzyquantifier © is defined
only for crisp arguments,while -O½�©>¿ is defined
for arbitraryfuzzy arguments.If all argumentsare
crisp, © and -O½�©Q¿ mustmatch.

(Z-2) Membership assessment.Thetwo-valuedquanti-
fier definedby /10"½¾°�¿ Ð 1 if 2 ý ° and /10º½¾° ¿ Ð å
otherwisefor crisp ° , hastheobviousfuzzycoun-
terpart */10�½¾¯�¿ Ð4365 ½72"¿ for fuzzy subsetsof Ú . I
requirethat -O½�/ 0 ¿ Ð */ 0 .
Rationale: Membership assessment(crisp or
fuzzy) can be modelledthroughquantifiers. For
anelement2 of thebaseset,we candefinea two-
valuedquantifier / 0 which checksif 2 is present
in its argument. Similarly, we candefinea fuzzy
quantifier */ 0 which returnsthe degreeto which 2
is containedin its argument.It is naturalto require
thatthecrispquantifier/10 bemappedto */�0 , which
servesthesamepurposein thefuzzycase.

The constructionsconsiderednext will dependon the
complementandunion of fuzzy sets. Thiele [12] has
shown thatvariousplausiblechoicesof fuzzyexistential
quantifiersexist, whicharecloselytiedto acorrespond-
ing fuzzydisjunction(andhence,union).Consequently,
we mustallow somevariability here. The fuzzy con-
nectiveswhich bestmatchthe behaviour of a QFM on

quantifiers,calledits inducedconnectives,areobtained
from a canonicalconstruction.

Definition 4 The inducedfuzzy truth function *-�½98
¿L¹² å É}Ò}À + �1� ² å É}Ò}À of a ‘semi-fuzzy’truth function 8 ¹� å É}Ò:� + �1� ² å É}Ò}À is definedby *-O½78
¿ Ð -O½78<;>=@? ª ¿";*= , where =
½ÅÂ ª É}ÍÌÍ}Í}É6Â�+ ¿ Ð �BA ¹5ÂC� Ð Ò:� for allÂ
ª"ÉÌÍ}ÍÌÍÙÉÊÂ + ýD� å É}Ò�� and 3FEG:H ÖJI�×LKLKLK × ÖBMJN ½ A ¿ Ð ¸ � for all¸ � ý ² å É}Ò}À , A�ý'� Ò�É ÍÌÍ}ÍÙÉO)"� .
Whenever - is understood,I abbreviate *P Ð *-�½ P ¿ ,*Q Ð *-O½ Q ¿ etc. The inducedfuzzy connectives are
extendedto fuzzy set operationsin the usual ways,
e.g. 3 ER 5 ½72�¿ Ð *Q 3 5 ½S2�¿ for complementationand3 5TI EU 5"V ½72"¿ Ð�3 5 I ½72"¿ *P 3 5 V ½72"¿ for unionsof fuzzysets.
Thedesiredcriteriainvolving theseoperationscannow
beexpressedasfollows.

(Z-3) Dualisation. - must preserve dualisation
of quantifiers, i.e. -O½�©	� ¿Ù½¾¯ ª É Í}ÍÌÍ}É ¯,+ ¿ Ð*Q -�½�©Q¿Ù½¾¯ ª É}ÍÌÍ}ÍÌÉÊ¯,+ ? ª É *Q ¯,+ ¿ for all fuzzy argu-
ments ¯ ª É}ÍÌÍ}Í}É6¯,+ whenever ©	��½�° ª É�Í}ÍÌÍ}É °1+u¿ Ð*Q ©ÿ½¾° ª ÉÌÍ}ÍÌÍ}É6°1+ ? ª É Q °1+u¿ for all crisp arguments° ª É}ÍÌÍ}ÍÌÉ6°1+ .
Rationale: Obviously, a phraselike “all ¯ ’s are° ’s” shouldhave the sameresultas“it is not the
casethatsomē ’sarenot ° ’s”.

(Z-4) Union. - must preserve unions of arguments,
i.e. we expect that -�½�© � ¿}½Å¯ ª É}Í}ÍÌÍÙÉÊ¯,+:W ª ¿ Ð-O½�©Q¿}½Å¯�ª"ÉÌÍ}Í}ÍÌÉÊ¯ + ? ª"ÉÊ¯ + *X ¯ +�W ªÙ¿ whenever©	��½¾°
ª"ÉÌÍ}Í}ÍÌÉ6° +:W ª}¿ Ð ©ÿ½�°wªºÉ}ÍÌÍ}ÍÙÉ�° + ? ª"É�° + X° +:W ªÙ¿ .
Rationale: It should not matter whether
“many ¯ ’s are ° ’s or ± ’s” is com-
puted by evaluating -�½ many¿Ù½Å¯�É6° *X ±z¿
or by computing -O½�©Q¿}½Å¯XÉ�°�Éh± ¿ with©ÿ½¾¯XÉ6°nÉÔ±z¿ Ð many ½Å¯XÉ�° X ± ¿ .

(Z-5) Monotonicity in arguments. - must preserve
monotonicityin arguments,i.e. if © is nondecreas-
ing/nonincreasingin the A -th argument,then -�½�©Q¿
hasthe sameproperty. (Whencombinedwith the
otheraxioms,theconditioncanberestrictedto the
casethat © is nonincreasingin its ) -th argument.)
Rationale:Theremustbe a systematicallydiffer-
ent interpretationof statementslike “all men are
tall” and“all youngmenaretall” wheretheformer
statementexpressesthestrictercondition.

The last criterion which I will staterequiresthe ex-
tensionof mappings 8î¹�Ú �@� Ú�� to fuzzy pow-
ersetmappings 8�� ¹Y*þ ½�Ú>¿ �@� *þ ½¾Ú�� ¿ . The usual
way of doing this is by applying the standardexten-

sion principle. In this case,the extension 8�� Ð[ZZ8 be-
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comes3]\\^ H 5 N ½S2_� ¿ Ð µa`Ob �B3 5 ½S2�¿ ¹�2 ý 8F? ª ½72c�V¿d� for all2_� ý Ú�� . However, dueto thecloserelationshipbetween
the extensionprinciple andexistentialquantification,I
mustadmitotherchoicesof extensionprinciples,which
matchtheexistentialquantifiers-�½9e ¿ of - .

Definition 5 Theinducedextensionprincipleof - , de-
noted f- , maps8 to theextension8 � Ð f-O½78
¿ definedby3hgi H ^ N H 5 N ½S2_� ¿ Ð -O½�/10�j1;<f8w¿ , where f8 is thecrisp image

mapping f8 ½�° ¿ Ðk� 8 ½S2�¿n¹�2 ý °]� for all ° ý�þ ½�Ú>¿ .
Basedon f- , I cannow definethesixthcriterion:

(Z-6) Functional application. - must be compatible
with the requirementof ‘functional application’,
i.e. we expect that -�½�©	�\¿Ì½Å¯ ª É�Í}Í}Í}É ¯,+ ¿ Ð-O½�©Q¿}½lf-O½78 ª ¿Ù½¾¯ ª ¿hÉÌÍ}ÍÌÍ}Émf-O½78:+ ¿Ù½Å¯,+u¿6¿ , where
the semi-fuzzy quantifier ©	� is defined by©	��½¾°
ªºÉ�ÍÌÍ}ÍÌÉu° + ¿ Ð ©ÿ½:f8�ª�½�°wªÌ¿hÉÌÍ}Í}Í}ÉOf8 + ½�° + ¿6¿ .
Rationale: This abstractaxiom ensuresthat -
behaveconsistentlyoverdifferentdomainsÚ .

Definition 6 A QFM - which satisfies(Z-1) to (Z-6) is
calleda determinerfuzzificationscheme(DFS).

(In linguistics,“most”, “almostall” etc.arecalled‘de-
terminers’). If - inducesthe standardnegation Q ¸ ÐÒ � ¸ and the standardextensionprinciple, then it is
calleda standard DFS. TheseDFSesconstitutethenat-
ural classof standardmodelsof fuzzy quantification.

A largenumberof propertiesof linguisticor logical rel-
evanceresult from the above axioms: If - is a DFS,
thenn
- inducesa reasonablesetof fuzzy propositional
connectives, i.e. *Q is a strongnegation *o is a p -
norm, *P is an q -normetc.
n
-O½srZ¿ is a t -quantifierand -O½7e ¿ is an u -quantifier
in the senseof Thiele [12]. This meansthat the
universalquantifierr andtheexistentialquantifiere areinterpretedplausiblyin everyDFS.
n
- is compatible with the negation of quanti-
fiers. Hencetheequality -O½�©��\¿}½Å¯�ª�É�ÍÌÍ}ÍÙÉu¯ + ¿ Ð*Q -O½�©Q¿}½Å¯ ª É ÍÌÍ}Í}Éu¯�+ ¿ is valid provided that©	��½¾° ª É�ÍÌÍ}ÍÌÉu°@+ ¿ Ð *Q ©ÿ½¾° ª É ÍÌÍ}Í}É °@+ ¿ be valid.
For example,themeaningsof “at leastonetall men
is lucky” and“it is not thecasethatno tall manis
lucky” coincidein everyDFS;
n
- is compatible with the formation of
antonyms. Therefore -�½�©	�\¿Ì½Å¯�ª�É�Í}Í}Í}É ¯ + ¿ Ð-O½�©Q¿}½Å¯�ª"ÉÌÍ}ÍÌÍ}ÉÊ¯ + ? ª"É *Q ¯ + ¿ is valid whenever

©	��½¾° ª É�ÍÌÍ}Í}É °1+u¿ Ð ©ÿ½¾° ª ÉÌÍ}ÍÌÍ}É6°1+ ? ª É Q °1+u¿ .
For example,the meaningsof “every tall men is
bald” and “no tall men is not bald” coincide in
everyDFS.n
- is compatible with intersections. This
means that equality -�½�©	�\¿}½Å¯ ª ÉÌÍ}ÍÌÍ}ÉÊ¯,+:W ª ¿ Ð-O½�©Q¿}½Å¯ ª ÉÌÍ}Í}ÍÌÉÊ¯,+ ? ª ÉÊ¯,+ *ã ¯,+:W ª ¿ holds, pro-
vided that the equality ©	��½¾° ª É}Í}ÍÌÍÙÉ6°1+:W ª ¿ Ð©ÿ½�° ª É}Í}ÍÌÍ}É�°@+ ? ª É�°@+ ã °1+:W ª ¿ holds.For example,
themeaningsof “at leasttwo ¯ ’sare ° ’s’ and‘the
setof ¯ ’s that are ° ’s containsat leasttwo ele-
ments”coincidein everyDFS.n
- is compatible with argument permuta-
tions. In other words -�½�©	� ¿}½¾¯ ª É}ÍÌÍ}Í}É6¯,+7¿ Ð-O½�©Q¿}½Å¯wv H ªxN É}ÍÌÍ}ÍÙÉ6¯yv H + N ¿ is valid whenever©	��½¾°
ª"É�ÍÌÍ}Í}É ° + ¿ Ð ©�½¾°zv H ªxN É}Í}ÍÌÍ}É�°Ov H + N ¿ , where{

is a permutationof � ÒËÉ}Í}ÍÌÍhÉx)"� . In particular,
symmetrypropertiesof a quantifierarepreserved
by applying - . Hencethe meaningof “about | å¯ ’sare ° ’s” and“about | å ° ’s are ¯ ’s” coincide
in everyDFS.n
Finally, - is compatible with argument inser-
tion. This meansthat -O½�©	� ¿Ù½¾¯�ªºÉ Í}ÍÌÍ}É ¯ + ¿ Ð-O½�©Q¿}½Å¯�ª"ÉÌÍ}Í}ÍÌÉÊ¯ + É6«�¿ is valid whenever©	��½¾°
ª"É�ÍÌÍ}Í}É ° + ¿ Ð ©ÿ½�°wª�É}Í}ÍÌÍ}É�° + É�«z¿ , for a
fixedcrispargument« ý�þ ½¾Ú ¿ . For example,the
meaningsof “many (married ¯ )’s are ° ’s” and
“(many married)̄ ’sare ° ’s” coincidein - .

A number of further important propertiesare pos-
sessedby every DFS. Every DFS maps quantitative
(automorphism-invariant) quantifierslike “almost all”
or “a few” to quantitative fuzzy quantifiers; and it
mapsnon-quantitative caseslike “John” or “most mar-
ried” to non-quantitative fuzzy quantifiers. In addi-
tion, every DFS is contextual, i.e. -�½�©Q¿Ù½¾¯�ª�ÉÌÍ}Í}Í}ÉÊ¯ + ¿
only dependson the behaviour of © inside the ambi-
guity ranges}}´�~�»º½Å¯ � ¿ � ° � � µa`ObOb-´�~6¶8½¾¯ � ¿ , where}Ù´C~6»�½¾¯,��¿ denotesthe elementswith unity membership
andµa`ObOb-´�~6¶Ì½Å¯,�Á¿ denoteselementswith non-zeromem-
bership. Every DFS is also known to preserveexten-
sion, i.e. insensitive to the exact choiceof the domain
asa whole. For example,we shouldexpectthat the in-
terpretationof “Most tall peoplearebald” doesnot de-
pendon theprecisechoiceof theuniverse,aslong asit
is largeenoughto containthefuzzy subsetsof interest.
For a comprehensivediscussionof adequacy properties
of DFSes,see[8].
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3.
�

Examplesof practical models

In order to be useful in practice, the abstractframe-
work sodefinedmustbepopulatedwith concretemod-
els. Hencelet meintroducea constructiveprinciplefor
suchmodelsand discusssomeprototypicalexamples.
In orderto definethesemodels,we needthe cut range��� ½Å¯�¿ �5þ ½¾Ú>¿ of a fuzzy subset̄ at thecuttinglevel� ý ² å É}Ò}À , which correspondsto a symmetric,three-
valuedcutof ¯ at � :��� ½¾¯�¿ Ðk� ° � Ú ¹º¯���� �� � ° � ¯����a�� �
where

¯���� �� Ð ß ¯�� IV W IV � ¹ � ý ½ å ÉZÒ}À¯�� IV ¹ � Ð å¯����a�� Ð ß ¯ � IV ? IV � ¹ � ý ½ å É
ÒÙÀ¯ � IV ¹ � Ð å
Here ¯ ��� Ð�� 2 ý Ú ¹ 3 5 ½S2�¿��D�T� denotes� -cut,
and ¯ �m� Ð�� 2 ý Ú ¹ 3 5 ½72�¿�ä���� thestrict � -cut. ( �
canbe thoughtof asa parameterof ‘cautiousness’.)I
now introducea pair of mappingswhich specifyupper
andlower boundsof thequantificationresultsobtained
for all choicesof ° ª É}ÍÌÍ}ÍÌÉ6°1+ in thecut ranges(thus,my
approachis basicallysupervaluationist):�m�m� � I � � � � � � M æs�uëZì�� �C¡l¢ � æVç è é>£¤£¤£héËçO¥
ë ó çO¦¨§w©�ªræ¬«­¦�ë�®¯ �6� � I � � � � � � M æs�uëZì�°²±�³´¢ � æVçwèÔéµ£d£¤£�é
ç ¥ ë ó ç ¦ §,© ª æ¬« ¦ ë�®F£
In order to define DFSesbasedon ¶F· × 5 I�×LKLKLK × 5 M and¸ · × 5 IÔ×LKLKLK × 5 M , the resultsof thesemappingsfor all lev-
els of cautiousnessmust be aggregated. In [7], the
full class of models definable in this way, i.e. by->¹�½�©Q¿Ù½¾¯�ªºÉ Í}ÍÌÍ}É ¯ + ¿ Ð º ½9¶ · × 5TI ×LKLKLK × 5"M É ¸ · × 5TI ×LKLKLK × 5"M ¿ ,
hasbeeninvestigatedand the necessaryandsufficient
conditionson º have beenpresentedwhich ensurethat->¹ be a DFS.HereI will confinemyself to presenting
threeexamples.

Themodel » usesthefuzzymedian,

¼	½d¾ èê æ¬¿-èhé ¿rêhë^ì íÀï Àð
¼ °²±uæ¬¿-èhé ¿ êÔë ó ¼ °²±uæ¬¿-èhé ¿ êhëÂÁ èê¼�ÃÅÄ æ¬¿-èÔé�¿ êÔë ó ¼�ÃÅÄ æ¬¿-èhé ¿ êÔë"Æ èêèê ó else

for all Ç ª ÉxÇ ¬Þý ² å ÉÌÒÙÀ , to combine ¶¨· and
¸ · . It

theneliminatesthecuttingparameterby anintegration.
Thus,» ½�©>¿Ù½Å¯ ª É�Í}Í}ÍÌÉr¯,+ ¿Ð�È ªÉ ³�»ÌÇ ª¬ ½9¶ · × 5TI ×LKLKLK × 5"M ½ � ¿ÙÉ ¸ · × 5TI ×LKLKLK × 5"M ½ � ¿6¿lÊ � Í
It canbe shown that » is a standardDFS. It is con-
tinuousin argumentsandquantifiers,i.e. robustagainst

slight variationsin ¯ ª É}ÍÌÍ}Í}É6¯,+ andin thequantifier © .
Moreover » is known to propagatefuzzinessin argu-
mentsandquantifiers,i.e. lessspecificinput cannotre-
sult in morespecificoutputs.

The integral, which I usedin the definition of » , is
not the only possibleway of abstractingfrom � . In
the courseof my investigationinto the possiblemod-
els,thereemergedamodel »ÌËOÍ which is theprovably
bestchoicefrom a linguistic perspective, even among
thefull classof standardmodels.For example,it is the
only standard modelwhich permitsthe compositional
interpretationof adjectival restrictionby a fuzzy adjec-
tive, like in “almostall young « ’s are ­ ’s”. It is hence
guaranteedthat » ËzÍ ½ almostall young¿Ù½¾«>É6­�¿ Ð» ËOÍ ½ almostall ¿Ù½ young ã «QÉ6­�¿ . Like » , themodel
is alsocontinuousin argumentsandin quantifiers,andit
alsopropagatesfuzziness.Becauseof its uniqueprop-
erties, »ÌËOÍ is thepreferredchoicefor all applications
thatneedto captureNL semantics(additionalproperties
arediscussedin [8]).

The model can be defined in terms of ¶ · É ¸ · and³�»ÌÇ ªaÎ�¬ -basedaggregation, but also in the following
morecompactform.Ï�ÐCÑ æ � ë�æ¬« è é>£¤£¤£hé�«h¥
ëÄìÒ� ��¡�¢ �ÔÓÕ �7Ö æ¬« è é>£¤£¤£ÔéC«h¥
ë ó� è �.× èhé¤£¤£´£Ôé � ¥ �.× ¥ ®
where� ÓÕ �7Ö æ¬«>èhé>£¤£¤£ÔéC« ¥ ëÄì ¼ °²± æ�Ø Õ � Ö æ¬« èhéµ£¤£d£�é�« ¥ ë6é°²±C³x¢ � æVç è é¤£¤£´£hékçO¥
ë óJ� ¦ � çO¦ �Ò× ¦7®Ø Õ � Ö æ¬« è é>£¤£¤£ÔéC«h¥
ëÄì ¼ °²± ¥¦ÚÙ è ¼ °²±uæ¬°Û±�³a¢dÜ �6Ý æ�Þ}ë ó Þ>§ � ¦7®�é°²±C³x¢ ñ ù�Ü � Ý æ�Þ}ë ó Þ
ß§ × ¦S®ÌëO£
Another interestingaspectof »ÌËOÍ is that it consis-
tentlygeneralisestheSugenointegralandhencethe‘ba-
sic’ FG-countapproachto arbitrary ) -placequantifiers,
andto quantifiersthat do not fulfill any specialmono-
tonicity requirements.

My lastexample->à�á � is definedbyâ�ãSäCå æ � ë�æ¬« è é>£¤£¤£ÔéC«h¥
ë^ì èê"æ èç �m�6� � I � � � � � � M æs�uë9è_�é èêÂæ èç ¯ê�6� � I � � � � � � M æs�uë9è_�ê£- à á � is astandardDFS.Themodelis of particularinter-
estbecauseit consistentlygeneralisestheChoquetinte-
gral andhencethe‘basic’ OWA approach,to the‘hard’
casesof generalmultiplaceandnon-monotonicquanti-
fiers. ->à�á � is a practicalmodelbecauseit is continu-
ousbothin argumentsandin quantifiers,whichensures
a certainstability. However, ->à�á � doesnot propagate
fuzzinessin argumentsnor in quantifiers.It is therefore
inferior to theothermodelsfrom anadequacy perspec-
tive becauselessspecificinput canresult in morespe-
cific output.Nevertheless,- à�á � canbeusefulwhenthe
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inputsareoverly fuzzyandonestill needsafine-grained
resultranking,becauseit discernscasesin which mod-
elsthatpropagatefuzzinessareno longerinformative.

To sumup,thereis abasicstockof prototypicalmodels,
which can be usedin applications. Thesemodelsare
computational. An efficient histogram-basedmethod
for implementingquantifiersin » , »ÌËzÍ and - à á �
is describedin [8]. The method,which is applicable
to arbitraryquantifiersdefinedin termsof cardinalities,
hasbeenfurtheroptimizedfor absoluteandproportional
quantifiers,quantifiersof exceptionandcardinalcom-
paratives.

4. Extension towards multiple vari-
able binding

Let usstartfromthenotionof crispquantifierswhichin-
corporatemultiple-variablebinding.A Lindströmquan-
tifier is a class ë of (relational) structuresof some
type p Ð ÑSp6ª�ÉÌÍ}Í}Í}Éxp + Õ , suchthat ë is closedunderiso-
morphism[11, p.186]. The cardinal ) ýYì specifies
the numberof arguments;the individual componentsp�� ý�ì specify the numberof variablesthat the quan-
tifier binds in its A -th argumentposition. For exam-
ple, the existentialquantifier, which acceptsoneargu-
ment and binds one variable,hastype p Ð Ñ·Ò"Õ . The
correspondingclass í comprisesall structuresÑ¾ÚÿÉ�«zÕ
where Ú ÛÐ Ý is a basesetand « is a nonemptysub-
setof Ú . In theintroduction,we have alreadymetwith
a morecomplex quantifier © of type ÑÊÒ�É}ÒËÉ�ÓËÕ . In this
case, ë is the classof all structuresÑ¾ÚÿÉ�«QÉ�­�É6®�Õ with©ÿ½�«QÉ6­�É6®�¿ Ð Ò , where Ú ÛÐ Ý is the baseset and«QÉ�­ ý�þ ½¾Ú>¿ , ® ý�þ ½�Ú ¬ ¿ .
In orderto modelNL quantifierslike “all exceptLotfi”,
whichdependonspecificindividuals,we mustdropthe
requirementof isomorphismclosure.Hence,in princi-
ple, a generalizedLindström quantifier is a class ë of
relationalstructuresof acommontype p Ð Ñ�p ª É}ÍÌÍ}ÍÙÉap�+ Õ .
For my purposes,it is convenientto breakdown thein-
formationgatheredin thetotal class ë into morelocal-
ized representations.This is accomplishedby the fol-
lowing definition:

Definition 7 A two-valued L-quantifier of type p ÐÑ�p ª É}ÍÌÍ}ÍÙÉap�+ Õ on a baseset Ú ÛÐ�Ý assignsa crisp quan-
tificationresult ©ÿ½�° ª É�Í}ÍÌÍÙÉu°1+u¿ ý�� å ÉÌÒ:� to each choice
of crisp arguments°1� ý þ ½¾Ú	î Ý ¿ , A�ý�� Ò�É�Í}Í}ÍÌÉO)"� . A
full two-valuedL-quantifier © of type p assignsa two-
valuedL-quantifier ©	ï of type p on Ú to each basesetÚ ÛÐòÝ .

It should be apparentthat ‘full’ L-quantifiersare in

one-to-onecorrespondencewith generalizedLindström
quantifiers. For my purposes,however, it is prefer-
able to generalizethe relativized notion. In order to
develop a theory of fuzzy quantificationwhich incor-
poratesLindström quantifiers,andhencemultiple vari-
ablebinding, I will pursuethesamebasicstrategy that
proved itself useful for analysingordinaryquantifiers,
i.e. I will introduce(semi-)fuzzyL-quantifiersand L-
QFMs.

Definition 8 A semi-fuzzy L-quantifier of type p ÐÑ�p6ª�É}Í}ÍÌÍ}Éap + Õ on Ú ÛÐîÝ assignsa gradual quantifica-
tion result ©ÿ½�°wª�É�Í}ÍÌÍ}É ° + ¿ ý ² å ÉÌÒÙÀ to each choice of
crisp arguments° � ý�þ ½�Ú	î Ý ¿ , A�ý.� ÒËÉzÍÌÍ}ÍÌÉO)"� .
Thus, © acceptscrispargumentsof theindicatedtypes,
but it canexpressapproximatequantifications.Semi-
fuzzyL-quantifiersareproposedasauniformspecifica-
tion mediumfor arbitraryquantifierswith multiplevari-
ablebinding. Again, we alsoneedoperationalquanti-
fiers,which arenot restrictedto crispinputs:

Definition 9 A fuzzy L-quantifier of type p onÚ ÛÐ Ý assigns a gradual quantification result*©�½Å¯ ª É�ÍÌÍ}ÍÌÉ ¯,+ ¿ ý ² å É}ÒÙÀ to each choice of fuzzyar-
guments̄,� ý *þ ½¾Ú�î Ý ¿ , A�ý.� Ò�É�Í}ÍÌÍ}ÉO)"� .
A suitablefuzzificationmechanismwill beusedfor as-
sociatingspecificationsto targetquantifiers.

Definition 10 AnL-QFM - assignsto each semi-fuzzy
quantifier © of sometype p on Ú ÛÐ Ý a corresponding
fuzzyL-quantifier -O½�©Q¿ of the sametype p and on the
samebaseset Ú .

It is possibleto developplausibilitycriteriafor L-QFMs
in total analogyto thosefor ordinary QFMs. How-
ever, somepreparationsarenecessary. In orderto iden-
tify a matchingchoiceof fuzzy connectivesandof ex-
tensionprinciple, I associatewith every L-QFM - a
corresponding‘ordinary’ QFM -êð definedasfollows.
For every ) -ary semi-fuzzyquantifier © ¹ þ ½¾Ú>¿ + �@�² å É}Ò}À , on Ú , let ©	� denotethe ) -aryquantifieron Ú ª de-
fined by ©	��½�°wªºÉ}ÍÌÍ}ÍÙÉ�° + ¿ Ð ©	��½ fñ ½¾°
ªÌ¿hÉ}ÍÌÍ}ÍÌÉ fñ ½¾° + ¿Ê¿ for
all °
ª�ÉÌÍ}Í}Í}É6° + ý þ ½¾Ú ª ¿ , where

ñ ¹�Ú ª �@� Ú is the
mapping

ñ ½Ê½72"¿6¿ Ð 2 for all ½S2�¿ ý Ú ª . We thenstipu-
late:

Definition 11 TheQFM -êð is definedby

-êð<½�©Q¿Ù½¾¯�ª�É}ÍÌÍ}Í}É6¯ + ¿ Ð -O½�© � ¿Ù½ ZZ{ ½¾¯�ª}¿hÉÌÍ}Í}ÍÌÉ ZZ{ ½¾¯ + ¿Ê¿
for all ¯ ª ÉÌÍ}Í}Í}ÉÊ¯,+ ýò*þ ½¾Ú ¿ , where ZZ{ is obtainedfrom
themapping

{ ¹�Ú �1� Ú ª with
{ ½72"¿ Ð ½72"¿ byapplying

thestandard extensionprinciple.
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The inducedfuzzy connectivesandthe inducedexten-
sion principle of - are identifiedwith the connectives
and the extension principle induced by the ordinary
QFM -êð .

Basedon thesepreparations,I cannow develop crite-
ria for plausibleL-modelsof fuzzyquantificationwhich
parallelmy requirementsonQFMs.(The‘rationale’ for
theseconditionsis thesameasabovein eachcase).

(L-1) Corr ectgeneralisation.It is requiredthat-�½�©Q¿Ù½�° ª É Í}Í}ÍÌÉu°1+ ¿ Ð ©ÿ½�° ª É�Í}ÍÌÍ}É °1+u¿
for all crisp arguments °1� ý þ ½¾Ú	î Ý ¿ , A ý� Ò�É Í}ÍÌÍÙÉO)"� ; combinedwith theotheraxioms,this
conditioncanbe restrictedto quantifiersof typesp Ð Ñ�Õ or p Ð Ñ·Ò8Õ .

(L-2) Membership assessment.Quantifiersfor mem-
bership assessmentof the special form / H 0 N ¹þ ½�Ú ª ¿ ��� � å É}Ò:� for some2 ý Ú alsoqualify as
two-valuedL-quantifiersof type Ñ·Ò"Õ on Ú . These
quantifiersshouldbe mappedto their fuzzy coun-
terparts*/ H 0�N of type Ñ·Ò8Õ on Ú , i.e. we musthave-O½�/ H 0 N ¿ Ð */ H 0�N .

(L-3) Dualisation. - must preserve dualisation
of quantifiers, i.e. -O½�©	� ¿Ì½Å¯ ª É Í}ÍÌÍ}É ¯,+ ¿ Ð*Q -O½�©Q¿}½Å¯ ª ÉÌÍ}ÍÌÍÙÉÊ¯,+ ? ª É *Q ¯,+ ¿ for all fuzzy ar-
guments ¯,� ý *þ ½�Ú î Ý ¿ if © � ½�° ª É Í}ÍÌÍ}Éu°1+ ¿ Ð*Q ©ÿ½�°wªºÉ}ÍÌÍ}ÍÙÉ�° + ? ª"É Q ° + ¿ for all crisp arguments° � ýLþ ½¾Ú	î Ý ¿ , A�ý'� Ò�É�Í}ÍÌÍ}ÉO)"� .

(L-4) Union. - must preserve unions of arguments,
i.e. we must have -O½�©	�V¿}½Å¯ ª ÉÌÍ}Í}ÍÌÉÊ¯,+:W ª ¿ Ð-O½�©Q¿}½Å¯�ª"ÉÌÍ}ÍÌÍ}ÉÊ¯ + ? ª"É6¯ + *X ¯ +:W ªÙ¿ whenever©	��½¾°
ªºÉ}Í}ÍÌÍÙÉ6° +:W ªÌ¿ Ð ©ÿ½¾°
ª"ÉÌÍ}Í}ÍÌÉ6° + ? ª�É6° + X ° +:W ªÌ¿ .

(L-5) Monotonicity in arguments. We requirethat -
preserve monotonicity in arguments,i.e. if © is
nondecreasing/nonincreasingin the A -th argument,
then -�½�©Q¿ hasthesameproperty. (Thecondition
canagainberestrictedto thecasethat © is nonin-
creasingin its ) -th argument).

(L-6) Functional application. Given a semi-fuzzyL-
quantifier © of type p Ð Ñ�p ª É}ÍÌÍ}ÍÙÉap�+ Õ on Ú , an-
other type p�� Ð Ñ�p�� ª ÉÌÍ}ÍÌÍ}Éxp��+ Õ (same ) ), a setÚ���ÛÐ Ý , and mappings8 � ¹�Ú
� î jÝ ��� Ú	î Ý forA ýó� ÒËÉzÍÌÍ}Í}Éz)"� , we can define a quantifier ©	�
of type p � on Ú � accordingto © � ½�°wª�É}ÍÌÍ}Í}É�° + ¿ Ð©ÿ½ f8 ª ½�° ª ¿hÉÌÍ}ÍÌÍÙÉ f8J+
½�°@+ ¿Ê¿ for all °@� ý þ ½¾Ú � î jÝ ¿ , A ý� Ò�É Í}ÍÌÍÙÉO)"� .
It is required that -�½�©	� ¿Ù½Å¯ ª É�Í}Í}ÍÌÉr¯,+ ¿ Ð-O½�©Q¿}½lf-O½78
¿ ª ½¾¯ ª ¿hÉÌÍ}Í}ÍÌÉmf-O½78
¿ + ½Å¯,+ ¿Ê¿ for all fuzzy

arguments̄ � ý *þ ½¾Ú
� î jÝ ¿ , A�ý.� Ò�É�Í}Í}ÍÌÉO)"� .

Definition 12 An L-QFM which satisfies(L-1) to (L-6)
is calledanL-DFS.

Let usnow considersomeresultson thesemodels.

Theorem1 For every L-DFS - , the corresponding
QFM - ð is a DFS.

(The generalizedmodelsarealsosuitablefor carrying
out ‘ordinary’ quantification.)

As I will now show, theconverseclaim is alsotrue, i.e
quantificationin L-DFSescan be reducedto quantifi-
cation in the simple models. The constructionwhich
acccomplishesthis reductionis definedasfollows. Let- be an ordinaryQFM and let © be a semi-fuzzyL-
quantifierof type p Ð ÑSp ª ÉÌÍ}Í}ÍÌÉxp�+ Õ on Ú ÛÐ Ý . Letô Ð ³ÿÆJõ � p6ª8É}ÍÌÍ}Í}Éap + � and define embeddingsö � ¹Ú	î Ý �1� Ú�÷ andprojectionsø � ¹�Ú�÷ ��� Ú	î Ý by

öd��½S2 ª É}Í}ÍÌÍÙÉa2 î Ý ¿ Ð ½S2 ª É}Í}ÍÌÍÙÉa2 î Ý ? ª É´2 î Ý É´2 î Ý É}Í}ÍÌÍ}É´2 î Ý ¿ø@�Ê½72 ª É}ÍÌÍ}Í}É´2 ÷ ¿ Ð ½S2 ª ÉÌÍ}ÍÌÍÙÉa2 î Ý ¿
for AOý%� ÒËÉ�ÍÌÍ}ÍÌÉl)"� . I now introducean ) -ary semi-
fuzzyquantifier ©	� on Ú�÷ definedby©	��½¾°
ªºÉ�ÍÌÍ}ÍÌÉu° + ¿Ð ©ÿ½ f øwª�½�°wª ã öÌª�½¾Ú�î I ¿Ê¿ÙÉ}ÍÌÍ}Í}É f ø + ½�° + ã ö + ½�Ú	î M ¿Ê¿6¿wÉ
for all ° ª ÉÌÍ}Í}Í}É6°1+ ý�þ ½�Ú�÷�¿ .
Definition 13 For everyQFM - , theL-QFM -êù is de-
finedby

-êù ½�©Q¿}½Å¯ ª É ÍÌÍ}Í}Éu¯�+ ¿ Ð -O½�© � ¿Ù½ ZZö ª ½Å¯ ª ¿ÙÉ}Í}ÍÌÍ}É ZZö + ½¾¯�+ ¿6¿
for all ¯,� ýú*þ ½¾Ú	î Ý ¿ , Aÿýû� Ò�É�Í}ÍÌÍ}ÉO)"� , where the ZZö � ’s
areobtainedfrom öÅ� byapplyingthestandard extension
principle.

I have the following resultson this canonicalconstruc-
tion of anL-QFM -êù from a givenQFM - .

Theorem2 If - is a DFS,then -êù ð$Ð - .

( -êù properlygeneralizestheoriginalmodel - .)

Theorem3 If - is a DFS,then -êù is an L-DFS.

(Theproposedconstructionresultsin plausiblemodels.)

Theorem4 If - is an L-DFS,then -êð ù Ð - .
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The latter theoremis of particular relevancebecause
it eliminatesthe problemof establishingclassesof L-
DFSesaltogether. Every L-DFS - � can now be ex-
pressedas -�� Ð - ù , where - is oneof the ordinary
modelswhichhavealreadybeenstudiedto somedepth.
This is of invaluablehelp becausethe investigationof
constructive principlesfor plausiblemodels,like those
presentedin section2, turnedoutto bearathercomplex
matterwhich requiresconsiderableeffort. The canon-
ical constructionof -êù , then, permits the useof the
provenmodels » , » ËOÍ and ->à á � to handlethe new
casesof fuzzy L-quantification.In thefollowing, I will
identify thesemodelswith their extensionsfor simplic-
ity, thuswriting » ËOÍ ratherthan ½S» ËOÍ ¿ ù etc.

5. Quantifier nestings

Theaxiomsfor L-DFSesaredirectlymodelledafterthe
correspondingaxiomsfor ordinaryDFSes;they do not
refer to detailsof multiple variablebinding. It is anin-
terestingquestionif additionalaxiomsspecificallycon-
cernedwith L-quantifierscanbeusefulto identify those
L-DFSesbestsuitedfor modellingbranchingquantifi-
cation.

A constructionthat comesto mind is quantifier nest-
ing. Consider©	��¸-©	�L�!Âlü�½¾¸^É6Âr¿ , for example. Basedon
semi-fuzzyL-quantifiers,we caneitheranalysethis in
termsof two quantifiersof type p6ª Ð p·¬ Ð ÑÊÒ8Õ ap-
plied in succession.Alternatively, we can look at the
whole block © Ö8ØXÐ ©	��¸w©	�L�!Â , which correspondsto a
singlesemi-fuzzyL-quantifierof type p Ð Ñ�ÓËÕ . Now let® ý *þ ½¾Ú ¬ ¿ be the interpretationof ü�½¾¸^É6Âr¿ asa fuzzy
relation. The analysisin termsof two separatequan-
tifier will result in an interpretation-�½�©	� ¿Ù½�±z¿ , where3¨ý ½S2�¿ Ð -O½�©	� �V¿Ù½728®�¿ and 3¨0 ð ½S2_� ¿ Ð%36ð ½S2
Éa2_� ¿ for all2
Éa2_� ý Ú . This analysisthus correspondsto a fuzzy
L-quantifier -O½�© � ¿¨þÿ-O½�© � � ¿ of type Ñ�ÓËÕ definedby-O½�© � ¿¨þÿ-�½�© � � ¿}½¾®�¿ Ð -�½�© � ¿}½�±z¿
for all fuzzy relations® ýLþ ½¾Ú ¬ ¿ . Thequantifierblock© Ö8Ø , on theotherhand,correspondsto a semi-fuzzyL-
quantifier ©	� *þ5©	� � of type Ñ�Ó�Õ definedby© � *þ5© � � ½9u�¿ Ð -�½�© � ¿}½�±z¿wÉ3¨ý ½S2�¿ Ð © � � ½72_u�¿ , 2Ju Ð4� 2 � ¹
½S2
Éa2 � ¿ ý uµ� for all crisp
relationsu ýLþ ½¾Ú ¬ ¿ , andit resultsin asecondinterpre-
tation, -O½�©	� *þ�©	� �V¿Ù½¾®�¿ . (I amusingthe‘tilde’-notation*þ hereto signify that ©	� *þ¢©	� � dependson thechosen
L-QFM). It is naturalto requirethat thetwo interpreta-
tionscoincide,i.e.-O½�© � *þ�© � � ¿ Ð -O½�© � ¿¨þÿ-O½�© � � ¿wÍ

More generally, we candefinea nestingoperationfor
semi-fuzzyL-quantifiers ©	� of type p Ð Ñ�p ª É}ÍÌÍ}ÍÙÉap�+ Õ ,) ä å and © � � of arbitrarytype p � Ð ÑSp � ª É}ÍÌÍ}ÍÌÉxp �+:j Õ , ) � ýì . In this case,thesemi-fuzzyL-quantifier © �1*þ5© � � of
type p�� Ð Ñ�p ª É}ÍÌÍ}ÍÙÉap�+ ? ª Éxp�+ � p�� ª É}ÍÌÍ}Í}Éap�+ � p��+ j Õ which
resultsfrom thenestingof ©�� � into thelastargumentof©	� , becomes© � *þ�© � � ½¾° ª ÉÌÍ}Í}ÍÌÉ6°1+ ? ª É´u ª É}ÍÌÍ}Í}É¤um+:j¾¿Ð -O½�© � ¿Ù½�°wªºÉ}ÍÌÍ}ÍÌÉ6° + ? ª�ÉÔ±z¿
for all ° � ý Ú	î Ý , AGýÿ� Ò�ÉÌÍ}Í}Í}Éx) � Ò:� and u�� ý Ú î M W î j� ,� ý'� ÒËÉ}Í}ÍÌÍÙÉx)6�S� , where ± ý *þ ½�Ú	î M ¿ is definedby3 ý�½72�ªºÉ}ÍÌÍ}ÍÙÉ´2 î M ¿Ð -�½�© � � ¿}½Ê½72�ªºÉ}ÍÌÍ}ÍÙÉ´2 î M ¿xu^ª�É}Í}ÍÌÍ}É8½S2ºª"ÉÌÍ}Í}Í}Éa2 î M ¿xu +�j ¿
and½S2 ª ÉÌÍ}Í}ÍÌÉa2 î M ¿xu �Ðk� ½72 � ª É}Í}ÍÌÍ}É´2 �î j� ¿�¹ ½S2 ª ÉÌÍ}ÍÌÍÙÉa2 î M Éa2 � ª ÉÌÍ}ÍÌÍ}Éa2 �î j� ¿ ý u � �
for

� ý4� ÒËÉ}Í}ÍÌÍÙÉx)6�S� . Similarly, the fuzzy L-quantifier-�½�©	� ¿¨þ�-O½�©�� � ¿ of type p�� on Ú is definedby-O½�© � ¿¨þÿ-�½�© � � ¿}½Å¯ ª ÉÌÍ}ÍÌÍÙÉÊ¯,+ ? ª É6® ª ÉÌÍ}ÍÌÍ}É6®­+:j�¿Ð -O½�© � ¿Ù½¾¯ ª ÉÌÍ}Í}Í}ÉÊ¯,+ ? ª ÉÔ±z¿
for all ¯ � ý *þ ½�Ú	î Ý ¿ , AXý � Ò�ÉÌÍ}ÍÌÍÙÉx) � Ò:� and ®�� ý*þ ½¾Ú î M W î j� ¿ , � ý'� ÒËÉ}Í}ÍÌÍÙÉx)6�S� , where3¨ý ½S2 ª ÉÌÍ}ÍÌÍ}Éa2 î M ¿Ð -O½�© � � ¿Ù½6½S2 ª É}Í}ÍÌÍÙÉa2 î M ¿Ê® ª É}Í}ÍÌÍ}É8½S2 ª ÉÌÍ}Í}Í}Éa2 î M ¿·®­+:j�¿
and 3 H 0xIÔ×LKLKLK × 0	� M N�ð � ½72 � ª É}ÍÌÍ}ÍÙÉ´2 �î j� ¿Ð 36ð � ½S2 ª ÉÌÍ}Í}ÍÌÉa2 î M Éa2 � ª ÉÌÍ}ÍÌÍ}Éa2 �î j� ¿
for

� ý.� Ò�ÉÌÍ}ÍÌÍÙÉx)6�S� . In this generalcase,too,we would
expectthat

-O½�© � *þ�© � � ¿ Ð -�½�© � ¿Fþ�-O½�© � � ¿wÍ (QN)

A conforming L-QFM will be said to be compatible
with quantifiernesting; combiningthenew requirement
with the axiomsfor L-DFSesthentakesus to a notion
of strongL-DFSes.

Judgingfrom somefirst tests,it appearsthatquantifier
nestingexpressesa very restrictiveconditionwhich ex-
cludesmany usefulmodels;I even conjecturethat the
criterion invalidatesall standardmodelsexcept » ËOÍ .
Thus,somefurtherwork is necessaryto substantiatethis
claimandachievea precisecharacterizationof thecon-
formingmodels.
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Let me further commenton the limitation of (QN) to
nestingsin thelastargumentof thequantifier ©	� . Nest-
ings in anotherargumentposition 
 canbe reducedto
this caseby flipping argumentpositions 
 and ) , per-
forming the nestingin the last argument,and thenre-
orderingthe argumentsagaininto their intendedtarget
positions. But, every DFS is known to be compatible
with suchpermutationsof argumentpositions,a prop-
erty which apparentlygeneralizesto L-DFSes.Conse-
quently, thecompatibilityof a DFSwith nestingsin the
lastargumentpositionis sufficient to ensurethatit also
complywith nestingsin otherargumentpositions.

By repeatingthis process,(QN) evenensuresthecom-
patibility of conformingL-DFSeswith multiple nest-
ings of arbitrary depths. Thus, the condition is suffi-
cient to cover generalnestingsinvolving quantifiersof
arbitrary typeswith an arbitrarynumberof embedded
quantifiers.

It would beusefulhowever, to relatetheproposedgen-
eralnestingsin the lastargumentto thesimplenesting
of unaryquantifiersconsideredearlier, or othersimpli-
fiednestingcriteria.Thismight facilitatethecheckthat
a modelof interestcomply with the nestingcondition,
and also eliminate someredundancy from the axiom
system.I expectthat thegeneralnestingsdescribedby
(QN) canbereducedto a simplercriterion,but further
researchis necessaryto clarify thismatter.

6. Application to fuzzy branching
quantification

Let me now explain how the motivating example,
“Many youngandmostold peoplerespecteachother”
canbe interpretedin the proposedframework. In this
case,we have semi-fuzzy quantifiers © ª Ð many,
definedby many ½�° ª É6° ¬ ¿ Ð á ° ª�ã ° ¬ á � á ° ª á , say, and© ¬ Ð most, definedasabove. Bothquantifiersarenon-
decreasingin their secondargument,i.e. we canadopt
eq.(*) proposedby Barwise.Themodificationtowards
gradualtruth valueswill be accomplishedin the usual
way, i.e. by replacingexistential quantifierswith µx`Ob
and conjunctionswith ³
�!¼ (non-standardconnectives
arenot possiblehere). The semi-fuzzyL-quantifier ©
of type Ñ·ÒËÉ}Ò�ÉÔÓ�Õ constructedfrom ©>ª"ÉÔ©�¬ thenbecomes� æ���é ��é��GëìÒ� ��¡l¢ ¼ °²±uæ � èÔæ�� é � ë6é � êÌæ���é � ëkë ó:���,� � �>®
for all «>É6­ ýòþ ½¾Ú>¿ and ® ýòþ ½�Ú ¬ ¿ . Hence“Many
menandmany womenarerelativesof eachother”, for
example,which restson crisparguments,is now taken
to denotethemaximumdegreeto whichmany menand

many womenbelongto a group #ò$ & � ® of mu-
tual relatives. In my experience,this is a conclusive
analysis;but we still needto extend it to fuzzy argu-
ments. To this end, it is sufficient to apply the cho-
senL-DFS - . We then obtain the fuzzy L-quantifier-�½�©Q¿ of type ÑÊÒ�É}ÒËÉ�ÓËÕ suitedto handlethis case.In the
original exampleinvolving fuzzy setsof youngandold
people,we have fuzzy subsetsyoungÉ old ý *þ ½�Ú>¿ of
young and old people,respectively, and a fuzzy rela-
tion rsp ý *þ ½�Ú ¬ ¿ of peoplewho respecteachother.
Thus,a meaningfulinterpretationof “Many youngand
most old peoplerespecteachother” is now given by-�½�©Q¿Ù½ youngÉ old É rsp ¿ .
Finally let me describe how Westerst̊ahl’s generic
methodfor interpretingbranchingquantifierscanbeap-
plied in thefuzzy case.Hencesupposethat © ª ÉÔ© ¬ are
arbitrarysemi-fuzzyquantifiersof arity ) Ð Ó on some
baseset Ú . Following Westerst̊ahl, I introducenonde-
creasingandnonincreasingapproximationsof the © � ’s,
definedby © W� ½¾°
ª�É�° ¬8¿ Ð µa`Ob � © � ½�°wªºÉ���¿�¹�� � ° ¬��
and © ?� ½¾°
ª�É�° ¬8¿ Ð µa`Ob � © � ½¾°
ªºÉ¤#�¿z¹@#��ò°-¬:� , respec-
tively. With the usualreplacementof existentialquan-
tification with µa`Ob and conjunctionwith ³
�!¼ , West-
erst̊ahlsinterpretationformula[13, p.281,Def.3.1] be-
comes:

©ÿ½�«QÉ6­�É6®�¿ Ð µx`Ob � ³
�!¼ � © W ª ½¾«>É¤# ª ¿hÉÔ© W¬ ½¾­�É & ª ¿ÙÉ© ?ª ½¾«>É¤#�¬8¿hÉÔ© ?¬ ½¾­�É & ¬8¿d�Q¹½�#�ª ã «z¿>$�½ & ª ã ­�¿� ® ã ½¾«k$O­ ¿ � ½9#�¬ ã «z¿µ$$½ & ¬ ã ­ ¿d�
for all «QÉ6­ ý þ ½¾Ú ¿ and ® ý0þ ½¾Ú ¬ ¿ . Application of
an L-DFS thendeterminesthe correspondingfuzzy L-
quantifier-�½�©Q¿ of type Ñ·Ò�ÉÌÒ�ÉÔÓ�Õ suitablefor interpreta-
tion. As shown by Westerst̊ahl [13, p.284],his method
resultsin meaningfulinterpretationsprovided that (a)
the ©	� ’s are ‘logical’, i.e. © ª ½�° ª É6° ¬ ¿ and © ¬ ½¾° ª É�° ¬ ¿
can be expressedas a function of á ° ª á and á ° ª�ã ° ¬ á ,
seevan Benthem[3, p.446] and [4, p.458]; and (b),
the © � ’s areconvex in their secondargument[6, p.55,
Def.85], or ‘CONT’ in Westerst̊ahl’s terminology, i.e.© � ½�°wªºÉ6°-¬Ì¿.� ³
�!¼^½�© � ½¾°
ª�É��n¿hÉÔ© � ½�°wªºÉ¤#�¿ for all � �° ¬ � # . The latter conditionensuresthat ©>ª and ©�¬
canberecoveredfrom their nondecreasingapproxima-
tions © W� andtheir nonincreasingapproximations© ?� ,
i.e. ©	� Ð ³
�!¼Ä½�© W� ÉÔ© ?� ¿ . This is generallythe case
when © ª and © ¬ areeithernondecreasingin their sec-
ond argument(“many”), nonincreasing(“few”), or of
unimodalshape(“aboutten”, “aboutonethird”). An ex-
ampleof branchingquantificationwith unimodalquan-
tifiers, which demandthe genericmethod, is “About
fifty young and about sixty old personsrespecteach
other”.
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7.
�

Conclusion

Recognizingthe utility of branchingquantifiersto lin-
guistic modelling, I have proposedan extension of
the DFS theory of fuzzy quantificationwhich incor-
poratesthesecases. Specifically, I introducedfuzzy
L-quantifiers(generalizationsof Lindström quantifiers
to approximatequantifiersandfuzzy arguments),semi-
fuzzy L-quantifiers (uniform specificationsof such
quantifiers)and plausiblemodelsof fuzzy quantifica-
tion involving thesequantifiers,calledL-DFSes,show-
ing that

(a) everyplausiblemodelof ‘ordinary’ fuzzyquantifi-
cation(DFS) canbe extendedto a uniqueL-DFS
for quantifierswith multiple variablebinding;

(b) no other L-DFSes exist beyond those obtained
from (a).

Westerst̊ahl’s analysisof branchingNL quantification
in terms of Lindström quantifiers is easily general-
ized to semi-fuzzyL-quantifiers.By applyingthecho-
senmodel of fuzzy quantification,one then obtainsa
meaningfulinterpretationfor branchingquantification
involving approximatequantifiersandfuzzyarguments.

The identificationof thoseL-DFSesspecificallysuited
for modelling branchingconstructionsis an advanced
topic that shouldbe tackledby future research.I have
alreadyhintedat a possiblestrengtheningof thesystem
basedon quantifiernesting,but the resultingcriterion
appearsto beextremelyrestrictive andit is not clearat
thispoint if it canberequiredwithoutsacrificinguseful
modelslike » and ->à á � .
The proposedanalysisof reciprocalconstructionsin
termsof fuzzybranchingquantifiersis of particularrel-
evanceto linguistic datasummarization[9, 14]. Many
summarizersof interestexpressmutual(or symmetric)
relationshipsandcanthereforebeverbalizedby arecip-
rocalconstruction.(Asymmetricalrelations®h� canalso
be usedin reciprocalconstructionsafter symmetriza-
tion, i.e.they mustbereplacedwith ® Ð ® ��ã ® � à�� ). An
ordinarysummarylike“ ©>ª^¯�ª ’sarestronglycorrelated
with ©�¬n¯�¬ ’s” doesnot capturethesymmetricalnature
of correlations,and it neglectsthe resultinggroupsof
mutuallycorrelatedobjects.Theproposedmodellingin
termsof branchingquantifiers,by contrast,permitsme
to supporta novel typeof linguistic summariesspecifi-
callysuitedfor describinggroupsof interrelatedobjects.
Branchingquantification,in this view, is a naturallan-
guagetechniquefor detectingsuchgroupsin the data.
A possiblesummaryinvolving a reciprocalpredicateis
“The intakeof mostvegetablesandmany health-related
indicatorsarestronglyassociatedwith eachother”.
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