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An Axiomatic Theory of FuzzyQuantifiers in
Natural Languages

IngoGlöckner

Universityof Bielefeld,Facultyof Technology, 33501Bielefeld,Germany

Abstract Many applicationse.g.in approximatereasoning,datasummarisation,
informationretrieval etc.canprofit from theuseof fuzzyquantifiers like “almost
all” or “many”, which provide flexible meansof informationaggregation, and
arecapableof extractingmeaningfullinguistic summariesfrom large amounts
of raw data.However, aswill beshown by a numberof counterexamples,exist-
ing approachesfail to provide a convincing interpretationof fuzzy quantifiersin
theimportantcaseof two-placequantification(e.g.“abouthalf of theblondesare
tall”). The interpretationof fuzzy quantifiersshouldhencebe basedon a solid
axiomaticfoundationin order to guaranteepredictableand linguistically well-
motivatedresults.In the report,an independentaxiom systemfor “reasonable”
approachesto fuzzy quantificationis introduced,thatareconsistentwith theuse
of quantifiersin NL. A numberof linguisticadequacy criteriaareformalizedand
it is shown thatevery modelof theaxiomsystemexhibits theseessentialproper-
ties.However, someprincipledadequacy boundsfor approachesto fuzzy quan-
tificationarealsoestablished,which in mostcasesresultfrom theknown conflict
betweenidempotence/distributivity andthe law of contradictionin thepresence
of fuzziness.In addition,a broadclassof modelsof the axiomaticframework
is introduced.Oneof thesemodels,which generalisesthe Sugenointegral (and
hencethe FG-countapproach)canbe shown to possessuniqueadequacy prop-
erties.Its analysisunvealsthefirst definitionof fuzzy cardinalitywhich achieves
adequateresultswith arbitraryquantitativeone-placequantifiers.It is alsoshown
how theChoquetintegral (andhencetheOWA approach)canbegeneralizedto
a modelof theaxiomaticframework. Theresultingmodelsnot only representa
significanttheoreticaladvancein fuzzyquantification;they arealsopractical.Ef-
ficient histogram-basedalgorithmsfor evaluatingthe resultingfuzzy quantifiers
aredescribedat theendof thereport.1

1 Intr oduction

Naturallanguage(NL) quantifiers,andin particulartheir approximatevariety(“almost
all”, “a few” etc.), provide flexible meansfor expressingaccumulative propertiesof
collections.They caneven describeglobal (e.g.,quantitative) aspectsof relationships
betweenindividuals(like in “mostblondesaretall”, whichsummarisestherelationship
between“blonde” and“tall” people).In addition,aggregationalmodesof temporalor
localdescriptionsuchas“almostalways”,“everywhere”arenaturallymodelledthrough
quantification.Becauseof their suitability to describea view of thephenomenonasa
whole, themodellingof NL quantifiersis oneof theenablingtechniquesfor intelligent
multi-criteriadecisionmaking[26], datasummarisation[20], informationretrieval [4],
fuzzy databases[14] andotherapplicationswhich might profit from naturallanguage
technology.

Following Zadeh[31,32], fuzzy settheoryattemptsto modelNL quantifiersby opera-
tors calledfuzzyquantifiers. We candiscernthe following main issuesin fuzzy quan-
tification:

1 The proofsof all theoremscited in this work have beenpresentedin a sequenceof reports
[11,9,10].



– Interpretation:thedevelopmentof methodsfor evaluatingquantifyingexpressions
which capturethemeaningof naturallanguagequantifiers,e.g.[32,18,26,29,11];

– Summarisation:the developmentof processesfor constructingquantifyingstate-
ments(“linguistic summaries”),which succintlydescribea collectionof observa-
tions and/orrelationshipsbetweena large numberof observations(find domain
concepts

�
and � anda quantifier � suchthat“ � � ’s are � ’s” is true),e.g.[20];

– Reasoning:Thedevelopmentof methodswhich deducefurtherknowledgefrom a
setof rulesand/orfactsinvolving fuzzyquantifiers,e.g.[33].

In the following, we shall focuson the interpretationtask.This seemsto be method-
ically preferablebecauseboth a convincing summarisationandappropriaterules for
approximatereasoning,canonly beestablishedoncethesemanticsof fuzzyquantifiers
arebetterunderstood.

2 Existing approachesto fuzzy quantification

Severalclassesof operatorshavebeenproposedasproperlyrepresentingthephenomenon
of approximateor fuzzy NL quantification(a survey is provided in [16]), but thereis
no consensusabouttheproperchoice,andnoteson implausiblebehavior of theseap-
proachesarescatteredover theliterature[18,19,28,11]. In particular, it hasbeenshown
in [12] thatnoneof theseapproachesprovidesacceptableresultsin the importantcase
of two-placequantification,i.e. quantificationrestrictedby a fuzzy predicate,asin “al-
most all blondesare lucky”. In the following, we shall briefly review someof these
counterexampleswhich enforcedour decisionto abandontheseapproaches,andto de-
velopa fundamentallydifferentapproachto fuzzyquantification.2

Let us firstly considerthe � -count approach[32]. This approachis known to accu-
mulate“small” membershipgradesin anundesirableway. In thesituationdepictedin
Fig.1, for example,all of SouthernGermany is 10% cloudy, andthecondition“about
tenpercentof SouthernGermany arecloudy” is henceconsideredfully trueby the � -
countapproach.3 This is clearly implausible(to seethis, considerthe questionwhich
10 percentarecloudy).In addition,the � -countapproachproducesdiscontinuousop-
eratorsin thecaseof two-valuedquantifierslike “more than30 percent”.This is inac-
ceptablein practicalapplicationsbecausethereis almostalwayssomeamountof noise,
which canhave drasticeffectson the quantificationresultsof the � -countapproach.
Becausetheseeffectsalsooccurin thesimplecaseof one-placequantification,weshall
not considerthe � -countapproachfurther.

Yager[26,27] proposesanapproachto fuzzy quantificationbasedon orderedweighted
averaging(OWA) operators.Theseperformwell in thecaseof one-placequantification
2 Theexactformulasandquantifiersusedin thesecounterexamplesareexplainedin [12].
3 In the image“SouthernGermany”, pixels which fully belongto SouthernGermany are de-

pictedwhite. In thecloudinessimage,pixelsclassifiedascloudydepictedwhite.Thecontours
of Germany, split in southern,intermediateandnorthernpart, have beenaddedto facilitate
interpretation.
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SouthernGermany (a)SC: � (OK) (b) SC: � (implausible)

Figure1.About10 percentof SouthernGermany arecloudy(SC:resultsof � -countapproach)

with monotonicquantifiers.However, the formula for two-placequantificationwith
OWA operators(proposedin [26, p.190]) exhibits unacceptablebehaviour. It canbe
proventhatfrom alinguisticstandpoint,theonlyquantifierswhichit modelsadequately
aretheexistentialanduniversalquantifier, see[12]. To provide anexample,theresults
of theOWA-approachin Fig.2 reveala undesirabledependency on cloudinessgrades
in regionsIII andIV, whichdo not belongto SouthernGermany atall.

SouthernGermany (a)desired:� , OWA: �	�
� (b) desired:� , OWA: ��� �
Figure2.At least60 percentof SouthernGermany arecloudy(OWA-approach)

The FG-countapproach[32,25] utilizes a fuzzy measureof the cardinality of fuzzy
setsto evaluatefuzzy quantifiers.This basic approachis well-behaved in the case
of one-placequantifiers.Yager[27, p.72] proposesa weighting formula, which pro-
videsadefinitionof two-placequantificationin conformancewith theFG-countframe-
work. Again, it is this formula for two-placequantificationwhich yields implausible
results.Considerthe situationdepictedin Fig.3. Thereare no cloudsat all in (the
supportof) SouthernGermany-1, hencewe expect that “at least5% of SouthernGer-
many arecloudy” is false.Theresultof Yager’s formula,however, is 
������ . Theexam-
ple alsodemonstratesthat the resultingoperatorscanbe discontinuous:if we replace
SouthernGermany-1 with theslightly differentSouthernGermany-2, theresultjumpsto
��
��� , althoughtherearestill no cloudsin theregionof interest.
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(a)SouthernGermany-1 (b) SouthernGermany-2 (c) cloudy
Resultfor SouthernGermany-1: ��� ���
Resultfor SouthernGermany-2: ��� ���
Desiredresult: �

Figure3.At least5 percentof SouthernGermany arecloudy(FG-countapproach)

Ralescu[18] hasproposedtheuseof theFE-count4 for purposesof fuzzyquantification.
Now considerFig. 4, which illustratesa seriousdrawbackof the FE-countapproach.
Thecomputed“nonemptinessgrade”of � in case(a) is adequatebecause(a) is a crisp
nonemptyregion. The fuzzy imageregion in (b) is certainly fully nonemptyto a de-
greeof one,too,becauseit containsthecrispnonemptyimageregion (a).Theresultof
theFE-countapproach,however, is 0.5.TheFE-countapproachhenceproducescoun-
terintuitive resultseven in the simplecaseof absoluteone-placequantificationwith a
monotonicquantifier.

(a) desired:� , FE: � (b) desired:� , FE: �	� �
Figure4.Theimageregion � is nonempty(FE-countapproach)

The above examplesclearly show the drawbacksof existing approacheswith respect
to linguistic adequacy. In particular, the formulasproposedfor the importantcaseof
two-placequantificationapparentlyfail to graspthe intuitive meaningof NL quanti-
fiers. In the following, we shall presenta theory of fuzzy quantificationbuilt on an
axiomaticfoundation.Wewill formalizeanumberof linguisticadequacy conditionson
approachesto fuzzy quantificationandshow that theaxiomsof our theoryincorporate

4 theFE-countis a fuzzymeasureof thecardinalityof fuzzysets,cf. [32]

4



(or entail)theessentialconditions.A modelof theseaxioms,calledaDFS(Determiner
FuzzificationScheme),is henceimmuneagainstthepitfalls of existingapproaches.

3 The axiomatic framework of DFS theory

Becauseof theinadequatebehaviour of all existingapproachesin thecaseof two-place
quantification,wehavedecidedtoabandonboththeirrepresentationof fuzzyquantifiers
by fuzzy numbers,and the idea of solving the problemsof fuzzy quantificationby
introducinganappropriatemeasurefor thecardinalityof fuzzy sets.5 Instead,we will
assumetheframework providedby thecurrentlinguistic theoryof NL quantifcation,the
theoryof generalizedquantifiers(TGQ[1,2]), whichhasbeendevelopedindependently
of the treatmentof fuzzy quantifiersin fuzzy set theory, andprovidesa conceptually
ratherdifferent view of natural languagequantifiers.We shall introducetwo-valued
quantifiersin concordancewith TGQ:

Definition 1. An � -ary generalizedquantifieron a baseset ���� � is a mapping �"!#%$ �'&)(+*-,/. �10 
�23�54 .
A two-valuedquantifierhenceassignsto each� -tupleof crispsubsets

�+6 23�7�3�72 � (98#%$ �'& a two-valuedquantificationresult � $:�+6 23�7�3�;2 � ( & 8 . . Well-known examples
are <>= $:� & � �@? � � �A�= $:� & � �@? � ��B�

all
= $:�+6 2 �%C & � �D? �E6GFH�%C

some
= $:�+6 2 �IC & � �@? �+6KJL�%C ��B�

at leastk
= $:�+6 2 �%C & � �D?NM �+6KJL�%C MPORQS�

Whenever the basesetis clearfrom thecontext, we drop thesubscript� ; M � M denotes
cardinality. For finite � , wecandefineproportionalquantifierslikeT

rate OHU�V $:�E6 2 �IC & � �@?NM �E6WJ%�%C MPOXUGM �E6 MT
rate YHU�V $:�E6 2 �IC & � �@?NM �E6WJ%�%C MPYXUGM �E6 M

for U 8 Z , �+6 2 �%C 8 #L$ �'& . For example,“at least30 percentof the
�

’s are � ’s” can
beexpressedas

T
rate O1
��
[�V $:� 2\�'& , while

T
rate Y1
�� ]^V is suitedto model“more than

40 percent”.By the scopeof an NL quantifierwe denotethe argumentoccupiedby
theverbalphrase(e.g.“sleep” in “all mensleep”);by convention,thescopeis the last
argumentof a quantifier. Thefirst argumentof a two-placequantifieris its restriction.
The two-placeuseof a two-placequantifier, like in “most X’s are Y’s” is called its
restricteduse, while its one-placeuse(relative to the whole domain � , like in “most
5 As weshallseelater, it is possibleto recover thecardinality-basedapproachto fuzzyquantifi-

cationin thecaseof quantitativeone-placequantifiers,see(Th-60).
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elementsof thedomainare � ”) is its unrestricteduse. For example,theunrestricteduse
of all ! #%$ �'& C *-,_. is modelledby

< ! #%$ �'&`*-,/. , whichhas
< $:� & � all

$ �I2 � & .
TGQ hasclassifiedthe wealthof quantificationalphenomenain naturallanguagesin
order to unveil universalpropertiessharedby quantifiersin all naturallanguages,or
to singleout classesof quantifierswith specificproperties(we shall describesomeof
thesepropertiesbelow). However, anextensionto thecontinuous-valuedcase,in order
to bettercapturethemeaningof approximatequantifierslike“many” or “aboutten”,has
not beenan issuefor TGQ. In addition,TGQ hasignoredthe problemof providing a
convincing interpretationfor quantifyingstatementsin thepresenceof fuzziness,i.e. in
the frequentcasethat the argumentsof the quantifierare occupiedby conceptslike
“tall” or “cloudy” whichdo not possesssharplydefinedboundaries.

Hencelet us introducethefuzzy framework. Suppose� is a givenset.A fuzzy subset� 8 a#%$ �'& of a set � assignsto eachb 8 � a membershipdegreeced $ b�& 8 Z � T 
�23�;V ;
wedenoteby

a#%$ �'& thesetof all fuzzysubsets(fuzzy powerset)of � .

Definition 2. An � -ary fuzzy quantifier
a� on a baseset �f��/� is a mapping

a�g!a#%$ �'& ( *-, Z which to each � -tupleof fuzzysubsets
�+6 23�7�3�;2 � ( of � assignsagradual

result
a� $:�E6 27�3�7�72 � ( & 8 Z .6

An exampleis hsome
$:�E6 2 �%C & �ji\k�le03monqp $ cedsr $ b�&t2\cedvu $ b5&\&E!@b 8 �o4 , for all

� 8a#%$ �'& . How can we justify that this operatoris a good model of the NL quantifier
“some”?How canwe describecharacteristicsof fuzzy quantifiersandhow canwe lo-
catea fuzzy quantifierbasedon a descriptionof desiredproperties?Fuzzyquantifiers
arepossiblytoo rich a setof operatorsto investigatethis questiondirectly. Few intu-
itionsapplyto thebehaviour of quantifiersin thecasethattheargumentsarefuzzy, and
thefamiliarconceptof cardinalityof crispsets,whichmakesit easytodefinequantifiers
on crisparguments,is no longeravailable.

We thereforehave to introducesomekind of simplifieddescriptionof theessentialas-
pectsof a fuzzyquantifier. In orderto complywith linguistic theory, this representation
shouldberich enoughto embedall two-valuedquantifiersof TGQ.

Definition 3. An � -ary semi-fuzzyquantifieron a baseset �/��w� is a mapping �x!#%$ �'& ( *y, Z which to each � -tuple of crisp subsetsof � assignsa gradual result� $:�+6 23�7�3�;2 � ( & 8 Z .
Semi-fuzzyquantifiersarehalf-way betweentwo-valuedquantifiersand fuzzy quan-
tifiers becausethey have crisp input and fuzzy (gradual)output. In particular, every
two-valuedquantifierof TGQ is a semi-fuzzyquantifierby definition. To provide an

6 This definitioncloselyresemblesZadeh’s [33, pp.756]alternative view of fuzzy quantifiersas
fuzzy second-orderpredicates,but modelstheseasmappingsin orderto simplify notation.In
addition,we permitfor arbitrary zL{}| .
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example,apossibledefinitionof thesemi-fuzzyquantifieralmostall ! #L$ �}& C *y, Z is

almostall
$:�+6 2 �%C & � ~%���\���K�����y�\� � $	� d`r��	dWu �� d r � &�! �E6 ��B�� ! else

(1)

where
�3��� ���\���-��� � $�� & ��� $�� 2�
����	2t
����	& , using Zadeh’s � -function (seeFig. 5). Unlike

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

Figure5.A possibledefinitionof �;��� �e���q�	��� �
the representationschosenby existing approachesto fuzzy quantification,semi-fuzzy
quantifierscanexpressgenuinemultiplacequantification(arbitrary � ); they arenot re-
strictedto the absoluteand proportionaltypes; they are not necessarilyquantitative
(in thesenseof automorphism-invariance);andthereis no a priori restrictionto finite
domains.Comparedto fuzzy quantifiers,the main benefitof introducingsemi-fuzzy
quantifiersis conceptualsimplicity dueto therestrictionto crispargumentsets,which
usuallymakes it easyto understandthe input-outputbehavior of a semi-fuzzyquan-
tifier. Most importantly, we have the familiar conceptof crisp cardinality available,
which is of invaluablehelp in definingthe quantifiersof interest.Being half-way be-
tweentwo-valuedgeneralizedquantifiersandfuzzy quantifiers,semi-fuzzyquantifiers
donotacceptfuzzyinput,andwehaveto makeuseof afuzzificationmechanismwhich
transportstheseto fuzzyquantifiers.

Definition 4. A quantifierfuzzificationmechanism� assignsto each semi-fuzzyquan-
tifier ��! #%$ �'&)(�*-, Z a correspondingfuzzyquantifier � $ ��& ! a#L$ �'& ( *y, Z of the
samearity � andon thesamebaseset � .

By viewing approachesto fuzzy quantificationasinstancesof quantifierfuzzification
mechanisms(QFM), weareableto explorethelinguisticadequacy of theseapproaches
by investigatingpreservationandhomomorphismpropertiesof thecorrespondingfuzzi-
fication mappings[11,12,9]. To this end,we first needto introduceseveral concepts
relatedto (semi-)fuzzyquantifiers.
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Definition 5. Suppose
a�¡! a#L$ �'& ( *-, Z is a fuzzyquantifier. By ¢ $ a��&`! #L$ �}&)(+*y, Z

wedenotetheunderlyingsemi-fuzzyquantifier, viz.¢ $ a�£& $ � 6 23�7�7�72�� ( & � a� $ � 6 27�3�7�72\� ( & (2)

for all crispsubsets� 6 27�3�7�72\� (+8 #%$ �'& .
Every reasonableQFM � shouldcorrectly generalisethe semi-fuzzyquantifiersto
which it is applied,i.e. for all �¡! #%$ �'& ( *y, Z , weshouldhave� $ ��& $ � 6 23�7�3�72\� ( & � � $ � 6 27�3�7�72\� ( & (3)

for all crisparguments� 6 27�3�7�72�� (+8 #L$ �}& , or equivalently: ¢ $ � $ ��&\& � � .

Let usnow consideraspecialcaseof quantifiers,calledprojectionquantifiers.Suppose� is asetof personsandJohn 8 � . Wecanthenexpressthemembershipassessment“Is
Johncontainedin � ?”, where� is acrispsubset� 8 #%$ �'& , by computing¤�¥ $ John& ,
where¤K¥X! #%$ �'&`*y, Z is thecharacteristicfunction

¤K¥ $ b5& �§¦ �¨!©b 8 �
 !©b%ª8 �«� (4)

for all � 8 #%$ �'& , b 8 � . Similarly, wecanevaluatethefuzzymembershipassessment
“To which gradeis Johncontainedin

�
”, where

� 8 a#L$ �'& is a fuzzy subsetof� , by computingced $ John& . Abstractingfrom argumentsets,we obtainthe following
definitionsof projectionquantifiers:

Definition 6. Suppose�¬��g� is given and b 8 � . The projectionquantifier ­>®¯!#%$ �'&`*-,/. is definedby ­>® $ �'& � ¤K¥ $ b�& , for all � 8 #%$ �'& .
Similarly, the fuzzy projectionquantifier

a­>®°! a#%$ �'&±*-, Z is definedby
a­>® $:� & �ced $ b�& , for all

� 8 a#%$ �}& .
It is apparentfrom therelationshipof thesequantifierswith crisp / fuzzy membership
assessmentsthat

a­>® is theproperfuzzycounterpartof ­>® , andweshouldhave � $ ­>®7& �a­>® in every reasonableQFM. Hencefor thecrispsubsetmarried 8 #L$ �}& ,­y² ��³7´ $ married & � ¦ �µ! John 8 married
 ! else

and we shouldalso have that � $ ­y² ��³;´ & $ lucky & � a­y² ��³7´ $ lucky & � c lucky
$
John& ,

wherelucky 8 a#%$ �'& is thefuzzysubsetof lucky people.

We expectthat our framework not only providesan interpretationfor quantifiers,but
also for the propositionalpart of the logic. We thereforeneedto associatea suitable
choiceof fuzzy conjunction,fuzzy disjunctionetc.with a givenQFM � . By a canon-
ical construction,which we describenow, � inducesa uniquefuzzy operatorfor each
of the propositionalconnectives.As the startingpoint for the constructionof induced
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connectives,let usobserve that . (±¶� #L$ 0 �^2·�7�7�72¸�K4^& , usingthebijection ¹±!e. ( *y,#%$ 0 �^2º�7�3�72¸�K4^& definedby ¹ $:»¼6 23�7�7�72 » ( & �½0 Q 8 0 �^2º�3�7�72¸�K4«! »>¾ � �54 , for all»¼6 27�3�7�32 » (¿8 . . An analogousconstructionis possiblein the fuzzy case,wherewe
have
Z ( ¶� a#L$ 0 �^2·�7�3�;2¸�K4^& , usingthebijection

a¹À! Z ( *y, a#%$ 0 �^2º�3�7�72¸�K45& definedbyc¼ÁÂ5ÃqÄ r�Å Æ Æ�Æ�Å Ä�Ç�È $ QÉ& � »>¾ for all
»¼6 23�7�7�72 » (+8 Z and Q 8 0 �^2º�3�7�32É�K4 .

Definition 7 (Induced fuzzy truth functions).
Suppose� is a QFM and

�
is a semi-fuzzytruth function(i.e. a mapping

� !�. ( *y, Z )
of arity �ÊYX
 . Thesemi-fuzzyquantifier �£Ë}! #%$ 0 �^2º�7�3�72¸�K45&Ì*-, Z is definedby��Ë $:� & � � $ ¹yÍ 6 $:� &\&
for all

� 8 #%$ 0 �^2º�7�3�72¸�K45& . The inducedfuzzytruth function
a� $ � &À! Z ( *y, Z is

definedby a� $ � & $:»¼6 23�7�3�;2 » ( & � � $ �£ËP& $ a¹ $:»¼6 27�3�7�72 » ( &\&y2
for all

»¼6 27�3�7�72 » (Î8 Z . If
� ! Z7Ï *y, Z is a nullary semi-fuzzytruth function (i.e.,

a constant),we shall define
a� $ � &Ð!ÒÑ Ï *-, Z by

a� $ � & $ � & � � $�Ó & $ � & , where
Ó !#%$ 0^� 4^& Ï *y, Z is theconstant

Ó^$ � & � � $ � & .7
Whenever � is understoodfrom context, we shallabbreviate

a� $ � & as
a�
. By pointwise

applicationof theinducednegation
aÔ � a� $ Ô & , conjunction

aÕ � a� $ Õ & , anddisjunctionaÖ � a� $ Ö & , � alsoinducesa uniquechoiceof fuzzy complement
aÔ

, fuzzy intersectionaJ
, andfuzzyunion

a×
. In thefollowing,wewill assumethatanarbitrarybut fixedchoice

of theseconnectivesis given.

Definition 8. Supposea semi-fuzzyquantifier �§! #L$ �'&)(À*y, Z is given.Theexternal
negation

aÔ �¡! #L$ �'&)(+*y, Z andtheantonym � Ô ! #L$ �'&)(+*y, Z aredefinedby$ aÔ �£& $:�+6 23�7�3�;2 � ( & � aÔ $ � $:�+6 27�3�7�72 � ( &\& (5)� Ô $:�+6 23�7�3�;2 � ( & � � $:�+6 27�3�7�72 � ( Í 6 2 Ô � ( & �ØYX
 (6)

for all
�+6 23�7�7�72 � (Ê8 #L$ �}& , where

Ô � ( denotescomplementation.By thedual � aÙ !#%$ �'& ( *y, Z of � wedenote� aÙ � aÔ � Ô , �ÚYÎ
 . Thedefinitionsof negation
aÔ a� ,

antonym
a� aÔ anddual

a� aÙ of a fuzzyquantifierareanalogous.

For example,lessthan n is the negation of at leastn, no is the antonym of all, and
someis thedualof all. It is straightforward to requirethata QFM becompatiblewith
7 Thespecialtreatmentof nullary semi-fuzzytruth functionsis necessarybecausein this case,

we would have ÛSÜ+Ý-Þ·ß:àDáºâÉã�ä , which doesnot conformto our definition of semi-fuzzy
quantifiersandfuzzy quantifiersbasedon nonemptybase-sets.Ratherthanadaptingthedefi-
nition of semi-fuzzyandfuzzy quantifiersin sucha way asto allow for emptybasesets,and
hencecover Û Ü for nullary � , too, we preferto treatthecaseof nullary truth functionsby a
differentconstruction,see[9].
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theseconstructions,i.e.wedesirethat � $ lessthan n & bethenegationof � $ at leastn & ,� $ no& be the antonym of � $ all & , and � $ some& be the dual of � $ all & . We hencesay
that � preservesnegation,antonymy, anddualisation,if � $ Ô �£& � Ô � $ �£& , � $ � Ô & �� $ ��& Ô and � $ � aÙ & � � $ ��& aÙ , resp.

Definition 9. Suppose�Î! #L$ �'&)(å*>, Z is a semi-fuzzyquantifierof arity ��YÚ
 . The
semi-fuzzyquantifier � × 8 ! #%$ �}&�(	æ 6 *-, Z is definedby� × $:�E6 2º�3�7�72 � (	æ 6 &� � $:�+6 2·�7�3�;2 � ( Í 6 2 � ( × � (	æ 6 &y2
for all

�+6 2·�7�7�72 � (	æ 6 8 #%$ �'& . In thecaseof fuzzyquantifiers,
a� a× ! a#%$ �'& (	æ 6 *y, Z

is definedanalogously.

In order to allow for a compositionalinterpretationof compositequantifierslike “all�
’s are � ’s or ç@è�é ”, we requirethat a QFM � be compatiblewith unionsof the ar-

gumentsets.For example,thesemi-fuzzyquantifierall
×

, which hasall
× $:� 2��s2êçÒ& �

all
$:� 2\� × çÒ& for crisp

� 2\�s2;ç 8 #%$ �'& , shouldbe mappedto � $ all & a× , i.e. for all
fuzzysubsets

� 2\�s2;ç 8 a#%$ �'& , � $ all
× & $:� 2��s2êçÒ& � � $ all & $:� 2�� a× çÒ& .

Definition 10. A semi-fuzzyquantifier �¡! #%$ �'&)(+*y, Z is saidto benonincreasingin
its ë -th argument( ë 8 0 �^2·�7�7�32É�K4 , �RYì
 ) iff for all

�E6 2·�7�3�;2 � ( 2 � èí 8 #%$ �'& such
that
� í FH� èí ,� $:�+6 23�7�3�72 � ( &`O«� $:�+6 2º�3�7�32 � í Í 6 2 � èí 2 � í æ 6 2º�7�3�72 � ( &-�

Nondecreasingmonotonicityof � is definedby changing‘ O ’ to ‘ î ’ in the above in-
equation.On fuzzyquantifiers

a�ï! a#%$ �'& ( *y, Z , weusean analog definition,where�E6 2º�3�7�72 � ( 2 � èí 8 a#%$ �'& , and“
F

” is thefuzzyinclusionrelation.

For example,all is nonincreasingin thefirst andnondecreasingin thesecondargument.
most is nondecreasingin its secondargument,etc. It is naturalto requirethat mono-
tonicity propertiesof a quantifierin its argumentsbepreservedwhenapplyinga QFM� . For example,we expectthat � $ all & is nonincreasingin thefirst andnondecreasing
in thesecondargument.

Every mapping
� !É��*y,½� è uniquelydeterminesa powersetfunction ð� ! #L$ �'&@*y,#%$ ��è�& , which is definedby ð� $:� & �ñ0 � $ b�&L!Ìb 8 � 4 , for all

� 8 #L$ �'& . The un-
derlying mechanismwhich transports

�
to ð� canbe generalizedto the caseof fuzzy

sets.

Definition 11 (Induced extensionprinciple).
Suppose� is a QFM. � inducesanextensionprinciple ð� which to each

� !	�ò*y,��·è
(where �I2¸�·èv��B� ) assignsthemapping ð� $ � &s! a#L$ �}&`*y, a#%$ �·è�& definedbyc óô Ã Ë È�Ã d È $ b è & � � $ ¤SóË Ãöõ�È $ b è &\& $:� &y2
for all

� 8 a#L$ �'& , b7è 8 ��è .
10



The standard extensionprinciple ÷÷$ � & is definedby cWø÷Ã Ë È)Ã d È $ b7è�& �ïi\k�le0 ced $ b�&%!`b 8� Í 6 $ b3è�&�4 , cf. [30]. Now suppose�ñ! #%$ �'& ( *y, Z and
� 6 23�7�3�;2 � ( !W��è *y,�� are

given( ��èW��B� ). Wecandefineasemi-fuzzyquantifier

� è � �Rù (úí�û 6 ð� í ! #%$ � è & ( *y, Z 2� è $ � 6 23�7�3�;2�� ( & � � $ ð� 6�$ � 6 &t27�3�7�72Éð� ( $ � ( &\&t2
for � 6 27�3�7�72\� (Ê8 #%$ � è & . We canalsoconstructa fuzzy quantifier

a� è ! #%$ � è &�(Ê*y, Z
by a� è � � $ ��&eù (úí�û 6 ð� $ � í &`! #L$ � è & ( *y, Z 2a� è $:�+6 27�7�3�72 � ( & � � $ �£& $ ð� $ � 6 & $ � 6 &t27�7�3�72 ð� $ � ( & $:� ( &\&t2
for all

�+6 23�7�7�72 � (Ê8 a#L$ �}& . It is naturalto requirethata QFM � becompatiblewith
its inducedextensionprinciple,i.e. � $ � è & � a� è , or equivalently

� $ �Rù (úí�û 6 ð� í & � � $ �£&eù (úí�û 6 ð� $ � í &-� (7)

Equation(7) henceestablishesa relationbetweenpowersetfunctionsandthe induced
extensionprinciple ð� . It is of particularimportanceto DFStheorybecauseit is theonly
axiomwhich relatesthebehaviour of � ondifferentdomains�I2-� è .
The following definition of the DFS axiomssummarisesour above considerationson
reasonableQFMs.

Definition 12 (DFS: Determiner Fuzzification Scheme).
A QFM � is called a determinerfuzzificationscheme(DFS) iff the following axioms
aresatisfiedfor everysemi-fuzzyquantifier �ü! #L$ �}&�(E*>, Z :
Correctgeneralisation ¢ $ � $ ��&\& � � if �ØîB� (Z-1)

Projectionquantifiers � $ ��& � a­>® if thereexists b 8 � s.th. � � ­>®
(Z-2)

Dualisation � $ � aÙ & � � $ �£& aÙ �ØYX
 (Z-3)

Internal joins � $ � × & � � $ ��& a× �ÊYX
 (Z-4)

Preservationof monotonicity � noninc.in � -th arg ýj� $ �£& noninc.in � -th arg, �ÊYX

(Z-5)

Functionalapplication � $ �Rù (úí�û 6 ð� í & � � $ �£&eù (úí�û 6 ð� $ � í & (Z-6)

where
� 6 2º�3�7�32 � ( !	� è *y,�� , � è ��B� .

As hasbeenshown in [9], theaxioms(Z-1) to (Z-6) form anindependentaxiomset.
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4 Propertiesof DFSes

4.1 Corr ectgeneralisation

Let us firstly establishthat � $ �£& coincideswith the original semi-fuzzyquantifier �
whenall argumentsarecrispsets,i.e. that � $ ��& consistentlyextends� .

Theorem1. Suppose� is a DFSand � ! #L$ �'&)(±*y, Z is an � -ary semi-fuzzyquan-
tifier. Then¢ $ � $ ��&\& � � , i.e. for all crispsubsets� 6 27�3�7�72\� (+8 #L$ �'& ,� $ ��& $ � 6 27�3�7�72\� ( & � � $ � 6 27�7�3�72\� ( &y�
For example,if � is a setof persons,andwomen2 married 8 #%$ �'& arethecrispsets
of “women”and“marriedpersons”in � , then� $ some& $ women2 married & � some

$
women2 married &y2

i.e. the“fuzzy some”obtainedby applying� coincideswith the(original)“crisp some”
whenever thelatteris defined,which is of coursehighly desirable.

4.2 Propertiesof the induced truth functions

Let us now turn to the fuzzy truth functionsinducedby a DFS. As for negation, the
standardchoicein fuzzy logic is certainly

Ô ! Z *y, Z , definedby
Ô » � �·* » for

all
» 8 Z . Theessentialpropertiesof this andotherreasonablenegationoperatorsare

capturedby thefollowing definition.

Definition 13.
aÔ ! Z *y, Z is calleda strongnegationoperatoriff it satisfies

a.
aÔ 
 � � (boundarycondition)

b.
aÔ »¼6 O aÔ »>C for all

»¼6 2 »>C 8 Z such that
»¼6GþX»>C

(i.e.
aÔ

is monotonicallydecreas-
ing)

c.
aÔ ù aÔ �Rn ÿ � (i.e.

aÔ
is involutive).

With conjunction,thereareseveralcommonchoicesin fuzzy logic (althoughthestan-
dardis certainly

Õ �òmonqp ). All of thesebelongto the classof
�
-norms,which seems

to capturewhatonewould expectof a reasonableconjunctionoperator. Thedualcon-
ceptof

�
-norm is thatof an é -norm,which expressesthe essentialpropertiesof fuzzy

disjunctionoperators(cf. Schweizer& Sklar[21]).

Theorem2. In everyDFS � ,

a.
a� $ nqÿ C & �Ún ÿ � is theidentitytruth function;

b.
aÔ � a� $ Ô & is a strongnegationoperator;

12



c.
aÕ � a� $ Õ & is a

�
-norm;

d.
»¼6 aÖ »>C � aÔ $ aÔ »¼6 aÕ aÔ »>C & , i.e.

aÖ
is thedual é -normof

aÕ
under

aÔ
,

e.
»¼6�� , »>C � aÔ »¼6 aÖ »>C

The fuzzy disjunctioninducedby � is thereforedefinablein termsof
aÕ

and
aÔ

, and
the fuzzy implication inducedby � is definablein termsof

aÖ
and
aÔ

(andhencealso
in termsof

aÕ
and
aÔ

). A similar point canbe madeaboutall other two-placelogical
connectivesexceptfor antivalence���	� andequivalence
 (seeremarkson p.23 and
p.24).

4.3 Preservation of argument structur e

We shall now discusshomomorphismpropertiesof DFSeswith respectto operations
on theargumentsets.

Definition 14 (Ar gument transpositions).
Suppose� ! #%$ �'&�(H*y, Z is a semi-fuzzyquantifier, �1Yò
 and ë 8 0 
�23�7�3�72\�K4 . By��� í ! #L$ �'& ( *-, Z wedenotethesemi-fuzzyquantifierdefinedby�
� í $:�+6 27�7�3�72 � ( & � � $:�+6 2·�7�7�72 � í Í 6 2 � ( 2 � í æ 6 2º�3�7�72 � ( Í 6 2 � í &y2
for all

$:�+6 23�7�3�72 � ( & 8 #L$ �'&)( . In thecaseof fuzzyquantifiers
a��! a#L$ �}& ( *-, Z , we

define
a�
� í ! a#L$ �'& ( *y, Z analogously.

Theorem3. EveryDFS � is compatiblewith argumenttranspositions,i.e. whenever�ü! #%$ �'&�(+*-, Z and ë 8 0 �^23�7�7�72��K4 aregiven,then � $ �
� í & � � $ �£&�� í .
Becauseevery permutationcanbe expressedasa sequenceof transpositions,(Th-3)
ensuresthat � commuteswith arbitrarypermutationsof theargumentsof a quantifier.
In particular, it guaranteesthat symmetrypropertiesof a quantifier � carry over to
its fuzzifiedanalogon� $ ��& . Hence� $ some& $ rich 2 young& � � $ some& $ young2 rich & ,
i.e. the meaningof “somerich peopleareyoung” and“someyoungpeoplearerich”
coincide.

Theorem4. EveryDFS � is compatiblewith theformationof antonyms,i.e. whenever�ü! #%$ �'& ( *-, Z is a semi-fuzzyquantifierof arity �ØYX
 , then � $ � Ô & � � $ ��& aÔ .
Thetheoremguaranteese.g.that � $ all & $ rich 2 aÔ lucky & � � $ no& $ rich 2 lucky & . Let us
notethatby (Th-3), thetheoremgeneralisesto arbitraryargumentpositions.

Theorem5. EveryDFS � is compatiblewith thenegationof quantifiers, i.e. whenever�ü! #%$ �'& ( *-, Z is a semi-fuzzyquantifier, then � $ aÔ �£& � aÔ � $ �£& .
Hence� $ at most 10& $ young2 rich & � aÔ � $ more than 10& $ young2 rich & .
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Definition 15 (Inter nal meets).
Suppose� ! #%$ �'& ( *y, Z is a semi-fuzzyquantifier, �9YÚ
 . Thesemi-fuzzyquantifier� J ! #%$ �'&)(	æ 6 *y, Z is definedby� JD$:�E6 2·�7�7�32 � (	æ 6 & � � $:�+6 2·�7�3�72 � ( Í 6 2 � ( JL� (	æ 6 &y2
for all

$:�+6 2·�7�3�;2 � (Pæ 6 & 8 #L$ �'&)(	æ 6 . In thecaseof a fuzzyquantifiers
a�ü! a#L$ �'& ( *y,Z

,
a� aJ ! a#L$ �}& (	æ 6 *y, Z is definedanalogously.

Theorem6. EveryDFS � is compatiblewith theintersectionof arguments,i.e. when-
ever �ü! #%$ �'&�(E*y, Z isasemi-fuzzyquantifierofarity �ØY«
 , then� $ � J & � � $ ��& aJ .
For example, � $ some& � � $ A & aJ , becausethe two-placequantifiersomecanbe ex-
pressedassome � A J . Let usalsoremarkthatby (Th-3), this propertygeneralisesto
intersectionsin arbitraryargumentpositions.

Definition 16. Suppose� is someQFM. We saythat � is compatiblewith cylindri-
cal extensionsiff the following condition holds for every semi-fuzzyquantifier �f!#%$ �'& ( *y, Z . Whenever � è 8 �

, � è O � ; ë 6 23�7�7�72�ë (18 0 �523�7�3�;2�� è 4 such that �°îë 6Gþ ë C þ������¸þ ë ( îH� è , and � è ! #L$ �}& ( � *>, Z is definedby� è $ � 6 23�7�7�72�� ( � & � � $ � í r 27�7�3�72\� í Ç &
for all � 6 23�7�3�;2�� (å8 #%$ �'& , then� $ � è & $:�+6 23�7�3�;2 � ( � & � � $ �£& $:� í r727�3�7�72 � í Ç &y2
for all

�+6 27�3�7�72 � (+8 a#%$ �'& .
This propertyof being compatiblewith cylindrical extensionsis very fundamental.
It simply statesthat vacuousargumentpositionsof a quantifier can be eliminated.
For example,if �ºèL! #%$ �'& � *-, Z is a semi-fuzzyquantifierand if thereexists a
semi-fuzzyquantifier �j! #%$ �'&o*y, Z suchthat �ºè $ � 6 2�� C 2\���^2\� � & � � $ ����& for all� 6 23�7�7�72�� � 8 #%$ �'& , thenwe know that � è doesnot really dependon all arguments;it
is apparentthat the choiceof � 6 2�� C and � � hasno effect on the quantificationresult.
It is hencestraightforward to requirethat � $ �ºè�& $:�+6 2 �%C 2 � �^2 � � & � � $ ��& $:� ��& for
all
�+6 27�3�7�32 � � 8 a#%$ �'& , i.e. � $ � è:& is alsoindependentof

�+6 2 �IC 2 � � , andit canbe
computedfrom � $ �£& .
Theorem7. EveryDFS � is compatiblewith cylindrical extensions.

Let usnow introduceanothervery fundamentaladequacy conditiononQFMs.Suppose� 8 a#L$ �'& is a fuzzy subset.Thesupportspp
$:� & 8 #L$ �'& andthe core, core

$:� & 8#%$ �'& aredefinedby

spp
$:� & �10 b 8 �¡!	ced $ b�&ÌYX
�4 (8)

core
$:� & �¿0 b 8 �¡!	ced $ b�& � �54v� (9)
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spp
$:� & containsall elementswhich potentiallybelongto

�
andcore

$:� & containsall
elementswhich fully belongto

�
. The interpretationof a fuzzy subset

�
is hence

ambiguousonly with respectto crispsubsets� in thecontext range

cxt
$:� & �10 � 8 #L$ �'&s! core

$:� & F � F spp
$ �o&�4v� (10)

For example,let � �10�� 2���2 Ó 4 andsuppose
� 8 a#L$ �}& is thefuzzysubset

ced $ b�& �§¦ � ! » ��� or
» � �6C ! » � Ó (11)

Thecorrespondingcontext rangeis

cxt
$:� & �10 �§! 0�� 2��34 F � F 0�� 2���2 Ó 4�4 �¿0^0�� 2��34	2 0�� 2���2 Ó 4�4s�

Now let usconsider
A ! #%$ �'&`*y,_. . Because

A $ 0�� 2��34^& � A $ 0�� 2���2 Ó 4^& � � , A $ �o& � �
for all crispsubsetsin thecontext of

�
. Wehenceexpectthat � $ A & $:� & � � : regardless

of whetherweassumethat
Ó 8 � or

Ó ª8 � , thequantificationresultis alwaysequalto
one.

Definition 17. Assumethat �'2t�ºèe! #L$ �'&�(å*y, Z and
�+6 27�7�3�72 � (+8 a#L$ �'& are given.

We say that � and � è are contextually equal relative to
$:�+6 27�3�7�72 � ( & , in symbols:� ¶ Ã dsr Å�Æ Æ�Æ�Å d Ç È �ºè , if andonly if �LM cxt Ã d r È�� �!� �"� cxt Ã d Ç^È � �ºè�M cxt Ã d r È�� �!� �"� cxt Ã d Ç5È , i.e.� $ � 6 27�3�7�72\� ( & � �ºè $ � 6 27�3�7�72\� ( & for all � 6 8 cxt

$:�+6 &t27�3�7�72\� (+8 cxt
$:� ( & .

It is apparentthatfor each�ï��1� , � 8 � and
�E6 23�7�3�;2 � (+8 a#L$ �'& , ¶ Ã dsr Å�Æ Æ�Æ�Å d Ç È is an

equivalencerelationon thesetof all semi-fuzzyquantifiers�¡! #%$ �'&)(+*y, Z .
Definition 18. A QFM � is saidto becontextual iff for all �}2ê� èW! #%$ �'&�(Ø*-, Z and
everychoiceof fuzzyargumentsets

�+6 27�7�3�72 � (E8 a#%$ �'& :� ¶ Ã d`r Å Æ�Æ Æ�Å d Ç È � è ý � $ ��& $:�+6 27�3�7�72 � ( & � � $ � è & $:�+6 27�7�3�72 � ( &y�
As illustratedby ourmotivatingexample,it is highly desirablethataQFM satisfiesthis
veryelementaryandfundamentaladequacy condition.

Theorem8. EveryDFS � is contextual.

Definition 19 (Ar gument insertion).
Suppose�g! #L$ �'&)(¡*y, Z is a semi-fuzzyquantifier, ��Y 
 , and # 8 #%$ �'& . By��$%#¿! #%$ �'&)( Í 6 *y, Z wedenotethesemi-fuzzyquantifierdefinedby

�
$%# $:�E6 2·�3�7�72 � ( Í 6 & � � $:�+6 2º�7�3�72 � ( Í 6 2&#º&
for all

�+6 2º�3�7�32 � ( Í 6 8 #%$ �'& . (Analogousdefinitionof
a�
$%# for fuzzyquantifiers).
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Theorem9. Suppose� is a contextual QFM which is compatiblewith cylindrical ex-
tensions.Then � is compatiblewith argumentinsertions,i.e. � $ �
$%#º& � � $ ��&�$%#
for all semi-fuzzyquantifiers �j! #%$ �'&)(R*-, Z of arity �¿Y 
 and all crisp subsets# 8 #L$ �'& . In particular, everyDFSis compatiblewith argumentinsertions.
(Proof:A.1, p.47+)

The main applicationof argumentinsertionis that of modellingadjectivalrestriction
by acrispadjective.For example,if married 8 #%$ �'& is extensionof thecrispadjective
“married”, then �ºè � many� 6;J $ married � 6 , i.e. � è $:� 2\�'& � many

$
married

JS� 2��'& ,
modelsthe compositequantifier“many married

�
’s are � ’s”. By the above theorem,

wethenhave � $ �ºè�& $ rich 2 lucky & � � $ many& $ married
aJ

rich 2 lucky & , asdesired.Let
usremarkthatadjectival restrictionwith a fuzzyadjective cannotbemodelleddirectly.
This is becausewecannotinserta fuzzyargument# into asemi-fuzzyquantifier.

4.4 Monotonicity properties

Theorem10. Suppose� is a DFS and � ! #%$ �'&)(X*y, Z . Then � is monotonically
nondecreasing(nonincreasing)in its ë -th argument( ë�îñ� ) if and only if � $ ��& is
monotonicallynondecreasing(nonincreasing)in its ë -th argument.

For example,some ! #L$ �}& C *-,/. is monotonicallynondecreasingin botharguments.
By thetheorem,then, � $ some&@! a#%$ �'& ú a#L$ �'&@*y, Z is nondecreasingin bothargu-
mentsalso.In particular,� $ some& $ young men2 very tall &`î¯� $ some& $ men2 tall &y2
i.e. “someyoungmenarevery tall” entails“somemenaretall”, if young men

F
men

andvery tall
F

tall .

Let usnow statethateveryDFSpreservesmonotonicitypropertiesof semi-fuzzyquan-
tifiers evenif thesehold only locally.

Definition 20. Suppose�w! #%$ �'& ( *y, Z and 'Ì2�( 8 #%$ �'& ( are given.We saythat� is locally nondecreasingin the range
$ 'Ì2�(£& iff for all

�+6 27�7�3�72 � ( 2 � è6 27�3�7�72 � è( 8#%$ �'& such that ' í F � í Fw� èí F ( í ( ë � �^2º�3�7�72¸� ), we have � $:�+6 23�7�7�72 � ( &Lî� $:� è6 2·�7�3�72 � è( & . We will saythat � is locally nonincreasingin the range
$ 'Ì2)(£& if

underthesameconditions,� $:�+6 23�7�3�;2 � ( &GîB� $:� è6 2º�3�7�72 � è( & . On fuzzyquantifiers,
local monotonicityis definedanalogously, but

�E6 23�7�3�;2 � ( 2 � è6 27�7�3�72 � è( are takenfroma#%$ �'& , and‘
F

’ is thefuzzyinclusionrelation.

Theorem11. Suppose� is a DFS, � ! #L$ �'&)(¡*y, Z a semi-fuzzyquantifier and'`2�( 8 #%$ �'&�( . Then � is locally nondecreasing(nonincreasing)in therange
$ 'Ì2�(£&

iff � $ ��& is locally nondecreasing(nonincreasing)in therange
$ 'Ì2�(£& .

DFSescanalsobe shown to be monotonicin the senseof preservinginequationsbe-
tweenquantifiers.Let usfirstly definea partialorder î on (semi-)fuzzyquantifiers.
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Definition 21. Suppose�'2y�ºè�! #%$ �'&)(Ø*y, Z are semi-fuzzyquantifiers.Let uswrite�ÎîR� è iff for all
�+6 23�7�3�;2 � (+8 #%$ �'& , � $:�E6 27�3�7�72 � ( &ÌîR� è $:�E6 27�3�7�72 � ( & . On fuzzy

quantifiers,wedefineî analogously, where
�+6 27�3�7�72 � (+8 a#%$ �'& .

Theorem12. Suppose� is a DFSand �'2y� è ! #L$ �}& ( *>, Z are semi-fuzzyquanti-
fiers.Then �¡îR�ºè if andonly if � $ �£&`î¯� $ �ºè:& .
Definition 22. Suppose� 6 2>� C ! #%$ �'&)(+*y, Z aresemi-fuzzyquantifiersand 'Ì2)( 8#%$ �'& ( . Wesaythat � 6 is (notnecessarilystrictly) smallerthan � C in therange

$ '`2�(£& ,
in symbols:� 6 î Ã"* Å,+ È � C , iff for all

�+6 23�7�3�72 � (Ê8 #%$ �'& such that ' 6£F1�+6�F ( 6 ,
. . . , ' ( FH� ( F ( ( , � 6�$:�+6 23�7�3�;2 � ( &`î«� C�$:�+6 23�7�3�;2 � ( &-�
On semi-fuzzyquantifiers, we define � 6 î Ã"* Å,+ È � C analogously, but

�E6 27�3�7�72 � (¿8a#%$ �'& , and‘
F

’ denotesthefuzzyinclusionrelation.

Every DFSpreservesinequationsbetweenquantifiersevenif thesehold only locally.

Theorem13. Suppose� is a DFS, � 6 2-� C ! #L$ �'& ( *y, Z and 'Ì2�( 8 #%$ �'& ( . Then� 6 î Ã-* Å�+ È � C ?�� $ � 6 &Kî Ã"* Å�+ È � $ � C &-�
4.5 Propertiesof the inducedextensionprinciple

Theorem14. Suppose� is a DFSand ð� theextensionprinciple inducedby � . Then
for all

� !P�Î*y,���è , .E!	��èe*-,��·è è (where � ��B� , ��èW��B� , ��è èv��B� ),

a. ð� $ .�ù � & � ð� $ .¸&eù ð� $ � &
b. ð� $ nqÿ = & �Rnqÿ Á/ Ã = È

Theinducedextensionprinciplesof all DFSescoincideon injectivemappings.

Theorem15. Suppose� is a DFS and
� !D� *-, ��è is an injection. Thenfor all� 8 a#%$ �'& , 0 8 ��è ,c óô Ã Ë È�Ã d È $ 0�& � ¦ ced $ � Í 6 $ 0�&\&�!10 8 2 m �
 !10Êª8 2 m �

Weshallnow introduceanimportantpropertyof naturallanguagequantifiersknown as
havingextension:if � F ��è arebasesets,theinterpretationof thequantifierof interest
in � is � = ! #L$ �'&)(+*y, Z , andits interpretationin ��è is � = � ! #%$ ��è�&�(+*y, Z , then� = $:�+6 27�7�3�72 � ( & � � = � $:�+6 23�7�3�;2 � ( &-2 (12)
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for all
�+6 �7�3� � (Ê8 #L$ �}& . For example,suppose� is a setof menandthatmarried ,

have childr en 8 #%$ �'& aresubsetsof � . Furthersupposethatwe extend � to a larger
baseset �·è which, in additionto men,alsocontains,say, their shoes.We shouldthen
expectthatmost

= $
married 2 have childr en& � most

= � $ married 2 have childr en& , be-
causethe shoeswe have addedto � areneithermen,nor do they have children.The
cross-domainpropertyof having extensionexpressessomekind of context insensitiv-
ity: given

�E6 27�3�7�72 � (w8 #%$ �}& , we can add an arbitrary numberof objectsto our
originaldomain� withoutalteringthequantificationresult.Alternatively, wecandrop
elementsof � which areirrelevant to all argumentsets(i.e. not containedin theunion
of
�E6 27�3�7�72 � ( ). Having extensionis hencean insensitivity propertyof NL quantifiers

with respectto thechoiceof thefull domain� , which is oftento somedegreearbitrary.
An analogousdefinition of having extensionfor fuzzy quantifiersis easily obtained
from (12); in this case,the propertymusthold for all

�+6 23�7�3�;2 � (H8 a#L$ �}& . It is nat-
ural to requirethat thefuzzy quantifierscorrespondingto givensemi-fuzzyquantifiers
whichhaveextensionalsopossessthisproperty.

Definition 23. A QFM � is saidto preserveextensionif each pair of semi-fuzzyquan-
tifiers �ï! #%$ �'& ( *y, Z , � è ! #L$ � è & ( *y, Z such that � F � è and � è M / Ã = È Ç � � ,
i.e. � $:�+6 27�7�3�72 � ( & � � è $:�+6 23�7�7�72 � ( & for all

�+6 23�7�3�;2 � (ü8 #%$ �'& , is mappedto

fuzzyquantifiers � $ �£&º! a#%$ �'& ( *y, Z , � $ � è�&º! a#L$ ��è�& ( *-, Z with � $ �ºè�&3M Á/ Ã = È Ç �� $ ��& , i.e. � $ �£& $:�+6 27�3�7�72 � ( & � � $ � è & $:�E6 23�7�7�32 � ( & , for all
�+6 27�7�3�72 � (E8 a#%$ �'& .

Theorem16. EveryDFS � preservesextension.
(Proof:A.2, p.47+)

This is apparentfrom (Z-6) and(Th-15).

Definition 24. A semi-fuzzyquantifier �x! #L$ �'& ( *y, Z is called quantitative iff for
all automorphisms8 3 !P�Î*>,©� andall � 6 27�3�7�72\� (+8 #%$ �'& ,� $ � 6 23�7�7�72�� ( & � � $ ð3 $ � 6 &t2·�7�7�32Kð3 $ � ( &\&y�
Similarly, a fuzzyquantifier

a� ! a#%$ �}& ( *y, Z is said to be quantitative iff for all
automorphisms3 !P�ò*-,�� andall

�E6 27�3�7�72 � (+8 a#%$ �}& ,a� $:�+6 27�7�3�72 � ( & � a� $ ÷÷3 $:�+6 &t2º�3�7�72 ÷÷3 $:� ( &\&y2
where ÷÷3 ! a#%$ �'&`*y, a#L$ �'& is obtainedby applyingthestandard extensionprinciple.

By (Th-15), the inducedextensionprinciplesof all DFSescoincideon injective map-
pings.Therefore,theexplicit mentionof thestandardextensionprinciple in theabove
definitiondoesnot limit its applicabilityto any particularchoiceof extensionprinciple.

8 i.e.bijectionsof 4 into itself

18



Theorem17. Suppose� is a DFS.For all semi-fuzzyquantifiers �ü! #L$ �'&)(+*y, Z , �
is quantitativeif andonly if � $ �£& is quantitative.

For example,thequantitative quantifiersall, someandat leastn aremappedto quan-
titativesemi-fuzzyquantifiers� $ all & , � $ some& and � $ at leastn & , respectively. Onthe
otherhand,the non-quantitative projectionquantifierjohn � ­y² ��³;´ is mappedto the
fuzzyprojectionquantifier� $ john & � a­y² �\³7´ , which is alsonon-quantitative.
Wewill now establishthataDFSis compatiblewith exactlyoneextensionprinciple.

Theorem18. Suppose� is a DFS and 5 an extensionprinciple such that for every
semi-fuzzyquantifier � ! #%$ �·è�& ( *y, Z andall

� 6 !¸� *y,g��è:2º�7�3�72 � ( !-��*y,g��è ,� $ �Rù (úí�û 6 ð� í & � � $ �£&eù (úí�û 6 5 $ � í & . Then ð� � 5 .

Theextensionprinciple ð� of a DFS � is uniquelydeterminedby thefuzzy existential
quantifiers� $ A & � � $ A�= &L! a#%$ �}&E*y, Z inducedby � . The conversecanalsobe
shown: thefuzzyexistentialquantifiersobtainedfrom aDFS � areuniquelydetermined
by its extensionprinciple ð� .

Theorem19. Suppose� is a DFS.

a. For everymapping
� !P�Î*>,©��è andall b7è 8 ��è , c óô Ã Ë È�Ãöõ�È $ b7è�& � � $ A & aJ $ � Í 6 $ b7è�&-�

b. If �j��Î� and
A � A�= ! #L$ �'&Ò*y, . , then � $ A & � a­�6±ù ð� $87 & , where

7 !-�"*y,0^� 4 is themappingdefinedby
7�$:» & �B� for all

» 8 � .

A notion closelyrelatedto extensionprinciplesis that of fuzzyinverseimages. In the
caseof crisp sets,inverseimages

� Í 6 ! #%$ � è &'*y, #%$ �'& of a given
� !K�©*y, � è

aredefinedby
� Í 6 $ (}& �j0 b 8 �/! � $ b�& 8 (}4s2 for all ( 8 #%$ ��è�& . Generalising

this concept,every QFM � inducesfuzzy inverseimagesby meansof the following
construction.

Definition 25. Suppose� is a quantifierfuzzificationmechanismand
� !P�§*-,_��è is

somemapping. � inducesa fuzzy inverseimagemapping ð� Í 6 $ � &`! a#%$ ��è�&Ì*y, a#L$ �'&
which to each � 8 a#%$ ��è�& assignsthefuzzysubset ð� Í 6 $ � & definedby

c óô:9 r Ã Ë È Ã ¥ È $ b�& � � $ ¤ Ë 9 r Ãöõ�È $ b�&�& $ �o&y�
If � is a DFS,thenits inducedfuzzy inverseimagescoincidewith theapparent“rea-
sonable”definition:

Theorem20. Suppose� is a DFS,
� !P� *y,���è is a mappingand � 8 a#L$ ��è�& . Then

for all b 8 � , c óô;9 r Ã Ë È�Ã ¥ È $ b�& � c¼¥ $ � $ b�&\&y�
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4.6 Propertieswith respectto the standard quantifiers

Theorem21. Suppose� is a DFSand � ��B� is somebaseset.Then

� $ < & $:� & �Rnqp=< ¦?> aÕí�û 6 ced $ � í &`!%# �10�� 6 2·�3�7�72 � > 4 8 #%$ �'& finite, � í ����	@ if ëS��BADC 2
� $ A & $:� & �Ri\kÉl ¦?> aÖí�û 6 ced $ � í &s!E# �10�� 6 2·�3�7�72 � > 4 8 #L$ �'& finite, � í ����F@ if ëS��BADC �
In particular, � $ < & is a T-quantifierand � $ A & is anS-quantifierin thesenseof Thiele
[23]. If � is finite, i.e. � �_0 b 6 2º�3�7�32-b > 4 wherethe b í arepairwisedistinct, then� $ < & $:� & �G> aÕí�û 6 ced $ b í & and � $ A & $:� & �G> aÖí�û 6 ced $ b í & . Hencethefuzzy universal(exis-

tential)quantifiersarereasonablein thesensethattheimportantrelationshipbetween
<

and
Õ

(
A

and
Ö

, resp.),which holdsin thefinite case,is preservedby a DFS.Thetheo-
remalsoshows that in every DFS,thefuzzy existentialandfuzzy universalquantifiers
areuniquelydeterminedby theinducedfuzzydisjunctionandconjunction.

Theorem22. Suppose� is a DFS, ð� its inducedextensionprinciple and
aÖ � a� $ Ö & .

a. ð� is uniquelydeterminedby
aÖ

;
b.
aÖ

is uniquelydeterminedby ð� , viz.
»¼6 aÖ »>C � $ a­�6åù ð� $87 &\& $:� & for all

»¼6 2 »>C 8 Z ,
where

� 8 a#L$ 0 �^2yÑP45& is definedby ced $ ��& � »¼6 and ced $ Ñ	& � »>C , and
7
is the

uniquemapping
7 ! 0 �^2yÑP4�*y, 0^� 4 .

(Proof:A.3, p.48+)

In particular, if ð� � ÷÷$ � & is thestandardextensionprinciple, then
aÖ �§mIH � . Because

I did not wantQFMsin which
aÖ ��ìmIH � to bea priori excludedfrom consideration,I

havestatedaxiom(Z-6) in termsof theextensionprinciple ð� inducedby � , ratherthan
requiringthecompatibilityof � to thestandardextensionprinciple.

4.7 Specialsubclassesof DFSes

We will now turn to subclassesof DFSmodelswhich satisfysomeadditionalrequire-
ments.

Definition 26. Let
aÔ ! Z *-, Z a strongnegationoperator. A DFS � is calleda

aJ -DFS
if its inducednegationcoincideswith

aÔ
, i.e.
a� $ Ô & � aÔ � In particular, wewill call � aJ -DFSif it inducesthestandard negation
Ô » � �@* » .

Definition 27. Suppose� is a DFSand KH! Z *y, Z a bijection.For everysemi-fuzzy
quantifier �¡! #%$ �'&)(+*y, Z andall

�+6 23�7�7�72 � (+8 a#L$ �}& , wedefine�IL $ �£& $:�E6 23�7�7�32 � ( & � K Í 6 � $ K¼�£& $ K �+6 2·�7�3�;2)K � ( &y2
where K¼� abbreviatesK@ù>� , and K � í 8 a#%$ �}& is thefuzzysubsetwith c L dNM � K@ù¸cedOM .
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Theorem23. If � is a DFSand K±! Z *y, Z anincreasingbijection,then � L is a DFS.

It is well-known [15, Th-3.7] that for every strongnegation
aÔ ! Z *y, Z thereis a

monotonicallyincreasingbijection K°! Z *y, Z suchthat
aÔ » � K Í 6 $ �S*PK $:» &\& for all» 8 Z . ThemappingK is calledthegenerator of

aÔ
.

Theorem24. Suppose� is a
aJ -DFSand K9! Z *-, Z thegenerator of

aÔ
. Then �'è �� L 9 r is a J -DFSand � � � è L .

This meansthat we canfreely move from an arbitrary
aJ -DFS to a correspondingJ -

DFSandvice versa:We would not gain anything (really) new whenconsideringother
typesof DFSes,andcanhencerestrictattentionto J -DFSes.

Definition 28. A J -DFS � which inducesa fuzzydisjunction
aÖ

is calleda
aÖ

-DFS.

Theorem25. SupposeQ is a non-emptyindex setand
$ � @ & @�RFS is a Q -indexedcollec-

tion of
aÖ

-DFSes.Furthersupposethat T ! Z S *y, Z satisfiesthefollowingconditions:

a. If
� 8 Z S is constant,i.e. if there is a

Ó 8 Z such that
� $ A & � Ó for all A 8 Q , thenT $ � & � Ó .

b. T $ �Ò* � & � �Ò*UT $ � & , where �Ò* � 8 Z S is point-wisedefinedby
$ �Ò* � & $ A & ��@* � $ A & , for all A 8 Q .

c. T is monotonicallyincreasing, i.e. if
� $ A &`îB. $ A & for all A 8 Q , then T $ � &`îVT $ .¸& .

If wedefineT T $ � @ & @�RFS V byT T $ � @ & @�RFS V $ �£& $:�E6 23�7�7�32 � ( & � T $\$ � @ $ �£& $:�+6 27�7�3�72 � ( &\& @�RFS &
for all semi-fuzzyquantifiers �¬! #L$ �}& ( *>, Z and

�+6 27�3�7�72 � ( 8 a#%$ �'& , thenT T $ � @ & @�RFS V is a
aÖ

-DFS.

In particular, convex combinations(e.g.,arithmeticmean)andstablesymmetricsums
[22] of

aÖ
-DFSesareagain

aÖ
-DFSes.The J -DFSescanbepartially orderedby “speci-

ficity” or “cautiousness”,in thesenseof closenessto
6C . We shalldefinea partialorderWYX F Z ú Z by » W X�Z ? Z î » î 6C or

6C î » î Z 2 (13)

for all
» 2 Z 8 Z .9

Definition 29. Suppose� , � è are J -DFSes.Wesaythat � is consistentlylessspecific
than �'è , in symbols:� WYX �'è , iff for all semi-fuzzyquantifiers ��! #L$ �}&�(Ø*y, Z and
all
�+6 27�3�7�72 � (+8 a#%$ �'& , � $ ��& $:�+6 27�7�3�72 � ( & WYX �'è $ ��& $:�E6 27�3�7�72 � ( & .

9 []\ is Mukaidono’sambiguityrelation,see[17].
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Wenow wish to establishtheexistenceof consistentlyleastspecific
aÖ

-DFSes.In order
to beableto statethetheorem,wefirstly needto introducethefuzzymedianmI^7ÿ 6C .
Definition 30. Thefuzzymedianm_^3ÿ 6C ! Z ú Z *y, Z is definedby

mI^3ÿ 6C $a`¼6 2 `>C & �cbde df
mon p $a`¼6 2 `>C & ! monqp $a`¼6 2 `>C &ÌY 6CmgH � $a`¼6 2 `>C & ! mgH � $a`¼6 2 `>C & þ 6C6C ! elsem_^3ÿ 6C is an associative meanoperator[3] and the only stable(i.e. idempotent)as-

sociative symmetricsum [22]. The fuzzy mediancan be generalisedto an operator#%$ Z &Ì*-, Z which acceptsarbitrarysubsetsof
Z

asits arguments.

Definition 31. Thegeneralisedfuzzymedianm ru ! #L$ Z &`*>, Z is definedbym ru � �Rm_^3ÿ 6C $ nqp=< � 2 i\k�l � &y2 for all
� 8 #%$ Z & .

Theorem26. Suppose
aÖ

is an é -normand
$ � @ & @�R%S isa Q -indexcollectionof

aÖ
-DFSes

where Q ��ò� . Thenthere existsa greatestlower specificityboundon
$ � @ & @�RFS , i.e. aaÖ

-DFS �Yh � i such that �Yh � i W X � @ for all A 8 Q (i.e. �Yh � i is a lowerspecificitybound),
andfor all otherlower specificitybounds�'è , �'è W X �jh � i . �Yh � i is definedby�Yh � i $ �£& $:�+6 27�7�3�72 � ( & �Rm ru 0 � @ $ �£& $:�+6 27�7�3�72 � ( &s! A 8 Q+4s2
for all �¡! #%$ �'&)(+*y, Z and

�+6 27�3�7�72 � (+8 a#%$ �'& .
In particular, thetheoremassertstheexistenceof leastspecific

aÖ
-DFSes,i.e. wheneveraÖ

is an é -normsuchthat
aÖ

-DFSesexist, thenthereexistsa leastspecific
aÖ

-DFS(just
apply the above theoremto the collectionof all

aÖ
-DFSes).We shall now addressthe

issueof mostspecificDFSes:

Definition 32. Suppose
aÖ

is an é -norm and
$ � @ & @�R%S is a Q -indexedcollectionof

aÖ
-

DFSes� @ , A 8 Q where Qj��B� .
$ � @ & @�R%S is calledspecificityconsistentiff for all �ü!#%$ �'&)(+*-, Z and

�+6 23�7�3�;2 � (E8 a#L$ �'& , either k
l Å d`r Å Æ Æ�Æ�Å d Ç F T 
�2 6C V or k
l Å dsr Å�Æ Æ�Æ�Å d Ç FT 6C 23�;V , where k
l Å d r�Å�Æ Æ�Æ�Å d Ç �10 � @ $ �£& $:�+6 27�7�3�72 � ( &s! A 8 Q+4 .
Theorem27. Suppose

aÖ
is an é -norm and

$ � @ & @�RFS is a Q -indexedcollectionof
aÖ

-
DFSeswhere Qj��B� .

a.
$ � @ & @�R%S hasupperspecificityboundsexactlyif

$ � @ & @�RFS is specificityconsistent.
b. If

$ � @ & @�RFS is specificityconsistent,then its least upper specificityboundis theaÖ
-DFS � � mni definedby

� � m�i $ �£& $:�+6 27�7�3�72 � ( & �
~ i\k�l k
l Å d`r Å Æ�Æ Æ�Å d Ç !ok
l Å d`r Å Æ�Æ Æ
Å d Ç F T 6C 23�;Vn p=< k�l Å dsr Å Æ�Æ Æ�Å d Ç !ok
l Å d`r Å Æ�Æ Æ
Å d Ç F T 
�2 6C V

where k
l Å d r�Å Æ�Æ Æ
Å d Ç �10 � @ $ ��& $:�+6 27�3�7�72 � ( &s! A 8 QE4 .
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Definition 33. A DFS � such that
aÔ � a� $ Ô & and

aÖ � a� $ Ö & is calleda
$ aÔ 2 aÖ & -DFS.

Definition 34. Suppose
aÕ 2 aÖ ! Z ú Z *-, Z are given.For all semi-fuzzyquantifiers�}2y�ºèÒ! #%$ �'& ( *>, Z , the conjunction � aÕ � èÒ! #%$ �'& ( *y, Z and the disjunction� aÖ �ºèe! #%$ �'&)(+*y, Z of � and �ºè aredefinedby$ � aÕ � è & $:�+6 27�7�3�72 � ( & � � $:�+6 23�7�7�72 � ( & aÕ � è $:�E6 27�3�7�72 � ( &$ � aÖ � è & $:�+6 27�7�3�72 � ( & � � $:�+6 23�7�7�72 � ( & aÖ � è $:�E6 27�3�7�72 � ( &

for all
�+6 27�3�7�72 � (ì8 #%$ �'& . For fuzzyquantifiers,

a� aÕ a� è and
a� aÖ a�ºè are defined

analogously.

In thefollowing,weshallbeconcernedwith
$ aÔ 2 mgH �-& -DFSes,i.e.DFSeswhichinduce

the standarddisjunction
a� $ Ö & � Ö �wmgH � . In the caseof

$ aÔ 2 mgH �-& -DFSes,we can
establisha theoremonconjunctionsanddisjunctionsof (semi-)fuzzyquantifiers.

Theorem28. Suppose� is a
$ aÔ 2 mgH �-& -DFS.Thenfor all �'2y� èe! #%$ �}&�(E*>, Z ,

a. � $ � Õ �ºè�&Ìî¯� $ ��& Õ � $ �ºè�&
b. � $ � Ö �ºè�&ÌO¯� $ ��& Ö � $ �ºè�& .

Wehavesofar not madeany claimsabouttheinterpretationof
� 
 � a� $ 
H& and

��p�q� �a� $ �p�	�ê& in agivenDFS � .

Theorem29. Suppose� is a
$ aÔ 2 mgH �-& -DFS.Thenfor all

»¼6 2 »>C 8 Z ,
a.
»¼6�� 
 »>C � $:»¼6 Õ »>C & Ö $ aÔ »¼6 Õ aÔ »>C &

b.
»¼6r��p�	� »>C � $:»¼6 Õ aÔ »>C & Ö $ aÔ »¼6 Õ »>C &y�

Definition 35. By a standardDFSwedenotea
$ J 2 mIH �-& -DFS.

StandardDFSinducethestandardconnectivesof fuzzy logic andby (Th-22),they also
inducethe standardextensionprinciple. It hasbeenremarked in [11, p.49] that the
propositionalpart of a standardDFS coincideswith the well-known K-standardse-
quencelogic of Dienes[6]. In particular, the three-valuedfragmentis Kleene’s three-
valuedlogic. StandardDFSesrepresenta “boundary”caseof DFSesbecausethey in-
ducethesmallestfuzzyexistentialquantifiers,thesmallestextensionprinciple,andthe
largestfuzzy universalquantifiers.

4.8 Further adequacycriteria and theoretical adequacybounds

In the following, we shall discussa numberof additionaladequacy criteria for ap-
proachesto fuzzy quantification.
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Definition 36. We saythat a QFM � is arg-continuousif andonly if � mapsall �ï!#%$ �'& ( *y, Z to continuousfuzzyquantifiers � $ �£& , i.e. for all
�+6 27�7�3�72 � (H8 a#L$ �'&and s£YX
 thereexistst'YX
 such that u $ � $ �£& $:�+6 23�7�7�72 � ( &t2\� $ ��& $:� è6 27�3�7�72 � è( &\& þ s

for all
� è6 27�3�7�72 � è( 8 a#%$ �'& with u $\$:�E6 23�7�7�72 � ( &t2 $:� è6 23�7�3�;2 � è( &\& þ t ; where

u $\$:�+6 23�7�3�;2 � ( &t2 $:� è6 27�7�3�72 � è( &\& � (mgH �í�û 6 i\k�le0 M cedOM $ b5& *Êc d �M $ b�&3M	!Pb 8 �'4s�
Definition 37. We say that a QFM � is Q-continuousif and only if for each semi-
fuzzyquantifier ��! #%$ �'&)(ï*y, Z and all sÎYg
 , there exists tòY 
 such thatu $ � $ �£&t2�� $ �ºè�&\& þ s whenever �ºè ! #%$ �'&)(+*y, Z satisfiesu $ �'2t�ºè�& þ t ; wherev ß:Û�w�Ûjx ázy|{8}%~p�%� Ûºß�����wt�t�t��w8���Pá âåÛjx:ß����nw��t�t��w8�p�Pá��5Ý����nwt�t�t��w8���}{}Þ·ß�4Sá8�v ß"�'ß:Û@á�w��'ß:Û x á)ázy|{8}%~p�%� �'ß:ÛGá\ß�� � w��t�ê�&w�� � á âD�'ß:Û x á�ß�� � wt���t��w)� � á��5Ý�� � wt�t�t��w�� � {B�Þ�ß-4Sá8�K�
Arg-continuitymeansthata small changein themembershipgradesced M $ b5& of thear-
gumentsetsdoesnot change� $ ��& $:�+6 27�7�3�72 � ( & drastically;it henceexpressesanim-
portantrobustnessconditionwith respectto noise.Q-continuitycapturesan important
aspectof robustnesswith respectto imperfectknowledgeaboutthe precisedefinition
of aquantifier;i.e.slightly differentdefinitionsof � will producesimilarquantification
results.Both conditionsarecrucial to theutility of a DFSandshouldbepossessedby
everypracticalmodel.They arenotpartof theDFSaxiomsbecausewewantedto have
DFSesfor general

�
-norms(includingthediscontinuousvariety).

Theorem30. Supposea DFS � hasthepropertythat

� $ � aÕ � è & � � $ ��& aÕ � $ � è & (14)

for all semi-fuzzyquantifiers �}2y�ºèe! #%$ �'& ( *y, Z , where
aÕ � a� $ Õ & . Then

aÕ
satisfies» aÕ aÔ » � 
 for all

» 2 Z 8 Z .
A DFS � which is homomorphicwith respectto conjunctions(or equivalently, disjunc-
tions)of quantifiersthereforeinducesa

�
-normwhichrespectsthelaw of contradiction.

This is clearlyunacceptablesinceit wouldexcludemany interesting
�
-norms;in partic-

ular, thestandardchoice
a� $ Õ & �Rm'nqp . Wehave thereforenot requiredin generalthata

DFSbehomomorphicwith respectto conjunctions/disjunctionsof quantifiers.

Thereaderwill certainlyhavenoticedourspecialtreatmentof thepropositionalconnec-
tives 
 and ���	� . Thedifficulties in proving propertiesof DFSeswith respectto these
connectivesarecausedby thefactthatthedefinitionof 
«2����	�G!É. ú .å*y,/. involves
multipleoccurrencesof propositionalvariables.

Definition 38. Suppose�¡! #L$ �'& > *y, Z is asemi-fuzzyquantifierand �}! 0 �^2·�7�7�32É�K4*y, 0 �^2·�7�7�72��±4 is a mapping. By �
�£! #%$ �'&)(+*y, Z wedenotethesemi-fuzzyquan-
tifier definedby �
� $ � 6 23�7�3�72\� ( & � � $ �)� Ã 6 È 2º�3�7�72¸�)� Ã ( È & , for all � 6 23�7�7�72�� (98 #%$ �'& .
Weusean analog definitionfor fuzzyquantifiers.
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The interestingcaseis that of non-injective � , which insertsthe samevariablein two
(or more)argumentpositionsof theoriginalquantifier � .

Theorem31. Suppose� is a DFS which is compatiblewith the duplicationof vari-
ables,i.e. whenever �Î! #L$ �}& > *y, Z and �'! 0 �^2º�7�3�72¸�K4£*y, 0 �52·�7�3�72��Ð4 for some� 8 �

, then � $ �
�	& � � $ �£&��Ì� Thenthe inducedconjunction
aÕ � a� $ Õ & satisfies» aÕ aÔ » � 
 for all

» 2 Z 8 Z .
Again,we find this too restrictive andthereforehavenot requiredthat � behomomor-
phic with respectto theduplicationof variables.

Definition 39. Suppose� ! #%$ �'&)(°*y, Z is an � -ary semi-fuzzyquantifiersuch that�ØYX
 . � is saidto beconvex10 in its ë -th argument, where ë 8 0 �^27�7�3�72\�K4 , iff� $:�+6 23�7�7�72 � ( &`O mon p $ � $:�+6 27�3�7�72 � í Í 6 2 � èí 2 � í æ 6 27�3�7�72 � ( &t2� $:�+6 27�3�7�72 � í Í 6 2 � è èí 2 � í æ 6 27�7�3�72 � ( &\&
whenever

�E6 27�3�7�72 � ( 2 � èí 2 � è èí 8 #L$ �'& and
� èí FX� í FH� è èí .

Convexity of a fuzzyquantifier
a�ü! a#L$ �}& ( *y, Z in the ë -th argumentis definedanalo-

gously, where
�+6 23�7�7�72 � ( 2 � èí 2 � è èí 8 a#L$ �}& , and‘

F
’ is thefuzzyinclusionrelation.

For example,between10 and 20 is convex in both arguments,andabout 30 percent
is convex in thesecondargument.

Definition 40. A QFM � is saidto preserveconvexity of � -aryquantifiers, where � 8��� 0 
�4 , if and only if every � -ary semi-fuzzyquantifier �ñ! #L$ �'&�(Ú*y, Z which is
convex in its ë -th argumentis mappedto a fuzzyquantifier � $ �£& which is alsoconvex
in its ë -th argument.� is said to preserve convexity if � preservesthe convexity of� -ary quantifiers for all �ØYX
 .
Theorem32. Suppose� is a contextualQFM with thefollowingproperties:for every
baseset � ��B� ,

a. thequantifier �ü! #L$ �'&`*y, Z , definedby � $ �+& � 
 for all � 8 #L$ �}& , is mapped
to thefuzzyquantifierdefinedby � $ �S& $:� & � 
 for all

� 8 a#L$ �'& ;
b. If
� 8 a#%$ �}& andthere existssomeb 8 � such that ced $ b5&DYR
 , then � $ A & $:� &DY
 ;

c. If
� 8 a#%$ �'& andthere exists b 8 � such that ced $ b�& þ � , then � $ ¶ < & $:� &ÒYB
 ,

where ¶ < ! #L$ �'&`*-,_. is thequantifierdefinedby$ ¶ < & $ �o& �§¦ �µ! � �� �
 ! � � �
10 In TGQ, thosequantifierswhich we call ‘convex’ are usually dubbed‘continuous’. I have

decidedto changeterminologybecauseof thepossibleambiguityof ‘continuous’,whichcould
alsomean‘smooth’.
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Then � doesnot preserveconvexity of one-placequantifiers �§! #%$ �'&G*-, Z on finite
basesets� ��B� . In particular, no DFSpreservesconvexity.

This meansthatevenif we restrictto thesimplecaseof one-placequantifierson finite
basesets,thereis still no QFM � which both satisfiesthe very elementaryadequacy
conditionsimposedby thetheorem,andpreservesconvexity underthesimplifying as-
sumptions.Becausecontextuality is a ratherfundamentalcondition,it seemsbetterto
weaken our requirementson the preservation of convexity, ratherthancompromising
contextuality or theotherelementaryconditions.

Theorem33. Suppose� is a contextual QFM which is compatiblewith cylindrical
extensionsandsatisfiesthefollowingproperties:for all basesets� ��B� ,

a. thequantifier �ü! #L$ �'&`*y, Z , definedby � $ �+& � 
 for all � 8 #L$ �}& , is mapped
to thefuzzyquantifierdefinedby � $ �S& $:� & � 
 for all

� 8 a#L$ �'& ;
b. If
� 8 a#%$ �}& andthere existssomeb 8 � such that ced $ b5&DYR
 , then � $ A & $:� &DY
 ;

c. If
� 8 a#L$ �'& andthere existsandthere existssomeb 8 � such that ced $ b7è�& � 


for all b7è 8 � � 0 b54 and ced $ b�& þ � , then� $ ¶ A & $:� &`YX
 , where ¶ A ! #L$ �'&`*-,_.
is thequantifierdefinedby$ ¶ A & $ �'& � ¦ �¨! � �1�
 ! � ��1�

Then � doesnot preservethe convexity of quantitativesemi-fuzzyquantifiers of arity�ÊY¿� evenon finite basesets.In particular, no DFSpreservestheconvexity of quanti-
tativesemi-fuzzyquantifiersof arity �ØYB� .
This leavesopenthepossibilitythatcertainDFSeswill preserve theconvexity of quan-
titativesemi-fuzzyquantifiersof arity � � � :
Definition 41. A QFM � is saidto weaklypreserveconvexity iff � preservesthecon-
vexity of quantitativeone-placequantifierson finite domains.

In thiscase,wegetpositiveresultsontheexistenceof DFSesthatweaklypreservecon-
vexity. An exampleof aconformingDFSwill begivenbelow. Let usremarkthatweak
preservationof convexity is strongenoughaconditionto covermany NL quantifiersof
interest,e.g.between10and 20, about 50 andothers.

Oneof the pervasive propertiesof NL quantifiersis conservativity. We shall call �j!#%$ �'& C *y, Z conservativeif� $:�+6 2 �%C & � � $:�E6 2 �+6�J%�%C & (15)

for all
�+6 2 �IC 8 #L$ �'& . To give anexample,if � is a setof persons,married 8 #L$ �'&is thesubsetof marriedpersons,andhave childr en 8 #%$ �'& is thesetof personswho
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have children,thenthe conservative semi-fuzzyquantifieralmostall ! #%$ �'& C *y, Z
has

almostall
$
married 2 have childr en& � almostall

$
married 2 married

J
have childr en&

i.e. themeaningsof “almostall marriedpersonshavechildren”and“almostall married
personsaremarriedpersonswho have children” coincide.Like having extension,con-
servativity expressesanaspectof context insensitivity: if anelementof thedomainis
irrelevant to the restriction(first argument)of a two-placequantifier, thenit doesnot
affect thequantificationresultatall. For example,everyconservative �¡! #%$ �}& C *y, Z
apparentlyhas � $:�E6 2 �IC J±�+6 & � � $:�+6 2 �%C × Ô �E6 & , i.e. if bBª8 �+6 , then it does
not matterwhether b 8 �%C or bòª8 �%C . A correspondingfuzzy quantifier � $ ��&�!a#%$ �'& C *y, Z shouldat leastpossessthefollowing propertyof weakconservativity:� $ �£& $:�+6 2 �IC & � � $ �£& $:�+6 2 spp

$:�E6 & JL�%C &y2 (16)

for all
�+6 2 �%C 8 a#%$ �'& , wherespp

$:�+6 & is the supportof
�+6

, see(8). This definition
is sufficiently strongto capturethe context insensitivity aspectof conservativity: an
elementb 8 � which is irrelevant to therestrictionof thequantifier, i.e. cedsr $ b�& � 
 ,
hasnoeffect on thequantificationresult,which is independentof cedWu $ b�& .
Theorem34. EveryDFS � weaklypreservesconservativity, i.e. if � ! #%$ �'& C *y, Z
is conservative, then � $ ��& is weaklyconservative.
(Proof:A.4, p.48+)

Let ussaythata fuzzyquantifier
a�ü! a#%$ �'& C *-, Z is stronglyconservativeif� $ �£& $:�+6 2 �IC & � � $ �£& $:�+6 2 �E6 aJL�%C & for all

�+6 2 �%C 8 a#%$ �'& .
In addition to the context insensitivity aspect,strongconservativity also reflectsthe
definitionof crispconservativity in termsof intersectionwith thefirst argument.

Theorem35. AssumetheQFM � satisfiesthefollowingconditions:(a)
a� $ nqÿ C & �Rnqÿ � ;

(b)
aÔ

is a strongnegationoperator; (c)
aÕ

is a
�
-norm;(d) � is compatiblewith internal

meets,seeDef. 15; (e) � is compatiblewith dualisation.Then � doesnot strongly
preserveconservativity, i.e. thereareconservative�ü! #%$ �'& C *y, Z such that � $ �£& is
not stronglyconservative. In particular, noDFSstronglypreservesconservativity.
(Proof:A.5, p.48+)

Hencestrongpreservation of conservativity cannotbe ensuredin a fuzzy framework,
evenunderassumptionswhicharemuchweaker thantheDFSaxioms.

In our commentson argumentinsertion(seep.16) we have remarked that adjectival
restrictionwith fuzzy adjectivescannotbe modelleddirectly: if # 8 a#L$ �}& is a fuzzy
subsetof � , then only � $ �£&�$%# is defined,but not ��$%# . However, one can ask if� $ ��&�$%# canberepresentedby asemi-fuzzyquantifier�ºè , i.e. if thereis a � è suchthat� $ �£&�$%# � � $ � è &-� (17)

Theobviouschoicefor � è is thefollowing.
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Definition 42. Suppose� is a QFM, �j! #L$ �}&)(	æ 6 *y, Z is a semi-fuzzyquantifier
and # 8 a#L$ �'& . Then � a $Y#¿! #L$ �}&�(E*>, Z is definedby� a $j# � ¢ $ � $ ��&8$%# &-2
i.e. � a $Y# $ � 6 27�7�3�72\� ( & � � $ ��& $ � 6 27�3�7�72\� ( 2&#º& for all crisp � 6 27�7�3�72\� (+8 #%$ �'& .� è � � a $Y# is the only choiceof � è which possiblysatisfies(17), becauseany �ºè
whichsatisfies� $ � è�& � � $ �£&�$F# alsosatisfies� è � ¢ $ � $ � è &\& � ¢ $ � $ �£&�$%#º& � � a $Y#�2
which is apparentfrom (Th-1).Unfortunately, � a $Y# is not guaranteedto fulfill (17) in
a QFM (not even in a DFS).Let ushenceturn this equationasanadequacy condition
whichensuresthat � a $Y# conveys theintendedmeaningin a givenQFM � :

Definition 43. Suppose� is a QFM. Wesaythat � is compatiblewith fuzzyargument
insertioniff for everysemi-fuzzyquantifier �§! #L$ �'&�(±*y, Z of arity �¯YÚ
 andevery# 8 a#L$ �'& , � $ � a $j#º& � � $ ��&�$%# .

Themainapplicationof thispropertyin naturallanguageis thatof adjectival restriction
of aquantifierby meansof afuzzyadjective.For example,suppose� is asetof people,
andlucky 8 a#L$ �'& is thefuzzysubsetof thosepeoplein � whoarelucky. Furthersup-
posealmostall ! #L$ �}& C *y, Z is a semi-fuzzyquantifierwhich models“almostall”.
Finally, supposetheDFS � is chosenasthemodelof fuzzyquantification.Wecanthen
constructthesemi-fuzzyquantifier �ºè � almostall

J a $ lucky . If � is compatiblewith
fuzzyargumentinsertion,thenthesemi-fuzzyquantifier�ºè is guaranteedto adequately
modelthecompositeexpression“almostall X’sarelucky Y’s”, because� $ � è & $:�+6 2 �%C & � � $ �£& $:� 2\� aJ lucky &
for all fuzzy arguments

� 2\� 8 a#%$ �'& , which (relative to � ) is the properexpression
for interpreting“almost all

�
’s are lucky � ’s” in the fuzzy case.Compatibility with

fuzzy argumentinsertionis a very restrictive adequacy condition.We shallpresentthe
uniquestandardDFSwhich fulfills this conditionon p.33.

Finally, let us recall the specificity order
WYX

definedin (13). We can extend
W�X

to
fuzzy sets

� 8 a#%$ �'& , semi-fuzzyquantifiers�w! #L$ �'&)(Ê*y, Z andfuzzy quantifiersa�ü! a#%$ �'& ( *-, Z asfollows:� []\ � x��
��� � ßa�;á [�\ � � � ßa�;á for all �D{I4��Û [ \ Û x �
� Û ß�� � wt�t�t��w8� � á [ \ Û x ß�� � wt�t�t�&w�� � á for all � � wt�t�t��w8� � {}Þ·ßa4Sá���Û [ \ �Û xr�
� �Û ß�� � wt�t�t��w�� � á [ \ �Û x ß�� � wê�t����w�� � á for all � � w��ê�t�&w�� � {B�Þ�ß�4Sá��
Intuitively, we shouldexpectthat thequantificationresultsbecomelessspecificwhen
thequantifieror theargumentsetsbecomelessspecific.In otherwords:thefuzzierthe
input, thefuzziertheoutput.
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Definition 44. We saythat a QFM � propagatesfuzzinessin argumentsif andonly if
thefollowingpropertyis satisfiedfor all �ü! #%$ �'& ( *y, Z and

�E6 27�3�7�72 � ( 2 � è6 27�3�7�32 � è( :If
� í W�X � èí for all ë � �^27�3�7�72\� , then � $ �£& $:�+6 23�7�7�72 � ( & WYX � $ �£& $:� è6 23�7�7�72 � è( & .We saythat � propagatesfuzzinessin quantifiersif andonly if � $ ��& WYX � $ �ºè�& when-

ever � W�X � è .
5 A classof modelsof the axiomatic framework

We will now addressthe issueof modelsof our axiomaticframework. We introducea
classof QFMswhicharedefinedin termsof three-valuedcutsof argumentsetsandsub-
sequentaggregationbasedon the fuzzy median.We hencegeneralisetheconstruction
successfullyusedin [11] to defineDFSes.In particular, we presenta characterisation
of the classof ��� -DFSesin termsof necessaryandsufficient conditionson the ag-
gregation mapping � . In order to definethe unrestrictedclassof �1� -QFMs, let us
recallsomeconceptsintroducedin [11]. We needthecut range p¡ $:� & FX#%$ �'& which
representsa three-valuedcut at the “cautiousnesslevel” ¢ 8 Z by a setof alternatives0 �§! $:� & �¤£ ´¡ F � F1$:� & �K��¥¡ 4 :
Definition 45. Suppose� is someset,

� 8 a#%$ �'& and ¢ 8 Z . $:� &
�¦£ ´¡ 2 $:� & �K��¥¡ 8 #L$ �'&and  p¡ $:� & F¯#%$ �'& aredefinedby

$:� & �¦£ ´¡ � be f
�¨§ 6C !�¢ � 
�¨© 6C æ 6C ¡ !�¢ØYX


$:� & �K��¥¡ � be f
� © 6C !1¢ � 
� § 6C Í 6C ¡ !1¢ÐY«
 p¡ $:� & �10 �ò! $:� & �¦£ ´¡ F � F1$:� & ����¥¡ 4s2

where
� ©�ª �¡0 b 8 � !�ced $ b5&GO�«v4 is the « -cut and

� §�ª �Î0 b 8 � !�ced $ b�&GY¬«W4
is thestrict « -cut.

Thebasicideais to view thecrisp range p¡ $:� & asproviding a numberof alternatives
to beevaluated.For example,in orderto evaluateasemi-fuzzyquantifier� atacertain
cut level ¢ , we have to considerall choicesof � $ � 6 27�7�3�72�� ( & , where � í 8  p¡ $:� í & .
Thesetof resultsobtainedin this way mustthenbeaggregatedto a singleresultin the
unit interval. Thegeneralisedfuzzy median(seeDef. 31) is particularlysuitedto carry
out this aggregation becausethe resultingfuzzificationmechanismwill thencontain
Kleene’s three-valuedlogic asaspecialsubcase(seeremarkonp.23).Let ushenceuse
thecrispranges p¡ $:� í & of theargumentsetsto definea family of QFMs

$ � &�¡ , indexed
by thecautiousnessparameter¢ 8 Z :
Definition 46. For every ¢ 8 Z , wedenoteby

$ � &�¡ theQFM definedby�
¡ $:�E6 27�3�7�72 � ( & �Úm ru 0 � $ � 6 27�3�7�72�� ( &`!�� í 8  p¡ $:� í &\4s2
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for all semi-fuzzyquantifiers �ü! #%$ �'&)(+*y, Z .
Noneof the QFMs

$ � &�¡ is a DFS, the fuzzy mediansuppressestoo muchstructure.
Nevertheless,theseQFMsproveusefulin definingDFSes.Thebasicideais thatin order
to compute� $ �£& $:�+6 27�7�3�72 � ( & , we shouldconsiderthe resultsobtainedat all levels
of cautiousness¢ , i.e.

$ ��¡ $:�+6 27�3�7�72 � ( &\&�¡ R � . We canthenapply variousaggregation
operatorson these¢ -indexedresultsto obtainnew QFMs,which might beDFSes.Let
usnow definethedomainonwhich theaggregationoperatorswill act.

Definition 47. ­ æ 28­ 6 C 2�­ Í and ­ F Z � aredefinedby

­ æ �10 � 8 Z � ! � $ 
	&ÌY 6C and
� $ Z & F T 6C 2��êV and

�
nonincreasing4­ 6 C �10�® 6C 4s2 where ® 6C ! Z *>, Z is theconstant® 6C $:» & � 6C for all

» 8 Z­ Í �10 � 8 Z � ! � $ 
P& þ 6C and
� $ Z & F T 
�2 6C V and

�
nondecreasing4­ � ­ æ × ­ 6 C × ­ Í �

Theorem36.

a. Suppose�¡! #%$ �'&)(+*y, Z and
�+6 27�3�7�72 � (+8 a#%$ �'& aregiven.Then

$ ��¡ $:�+6 23�7�3�;2 � ( &\&�¡ R � 8 bde df
­ æ !ñ� Ï $:�+6 27�3�7�72 � ( &`Y 6C­ 6 C !ñ� Ï $:�+6 27�3�7�72 � ( & � 6C­ Í !ñ� Ï $:�+6 27�3�7�72 � ( & þ 6C

b. For each
� 8 ­ there exists �ò! #L$ �'&)(Ð*y, Z and

�+6 27�3�7�72 � (À8 a#%$ �'& such that� � $ �
¡ $:�+6 23�7�7�72 � ( &\&�¡ R � .
Relative to an aggregation operator �/!¯­/*y, Z , we definethe QFM ��� which
correspondsto � asfollows.

Definition 48. Suppose�R!q­R*y, Z is given.TheQFM ��� is definedby

��� $ ��& $:�+6 23�7�3�;2 � ( & � � $\$ �
¡ $:�E6 27�3�7�72 � ( &\&�¡ R � &y2 (18)

for all semi-fuzzyquantifiers �ü! #%$ �'& ( *y, Z and
�E6 �7�7�72 � (+8 a#L$ �}& .

By theclassof ��� -QFMswemeantheclassof all QFMs ��� definedin thisway. It is
apparentthatif we do not imposerestrictionson admissiblechoicesof � , theresulting
QFMs will often fail to be DFSes.We arehenceinterestedin statingnecessaryand
sufficient conditionson � for ��� to be a DFS. In order to do so, we first needto
introducesomeconstructionson ­ .
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Definition 49. Suppose
� ! Z *y, Z is a monotonicmapping(i.e., nondecreasingor

nonincreasing).Themappings
��° 2 ��± ! Z *y, Z aredefinedby:� ± �§¦
² nqmI³µ´ Äµ¶ � $ Z &�! »Àþ �� $ ��& ! » � �� ° �§¦
² nqmI³µ´ Ä 9 � $ Z & ! » YX
� $ 
P& ! » � 
 for all

� 8 ­ ,
» 8 Z .

It is apparentthatif
� 8 ­ , then

��± 8 ­ and
��° 8 ­ . Weshallfurtherintroduceseveral

coefficientswhichdescribecertainaspectsof amapping
� ! Z *>, Z .

Definition 50. For everymonotonicmapping
� ! Z *y, Z (i.e., eithernondecreasingor

nonincreasing),wedefine ��·Ï � ² nqm¡ ´ Ï ¶ � $ ¢e& (19)� Ï· �Rnqp=<ê0 ¢ 8 Z ! � $ ¢e& � 
P4 (20)� 6C· �Rnqp=<ê0 ¢ 8 Z ! � $ ¢e& � 6C 4 (21)��·6 � ² nqm¡ ´ 6 9 � $ ¢e& (22)� 6· �Ri\k�le0 ¢ 8 Z ! � $ ¢e& � �54s� (23)

Basedontheseconcepts,wecannow stateanumberof axiomsgoverningthebehaviour
of reasonablechoicesof � .

Definition 51. Suppose�R!F­ *-, Z is given.For all
� 2�. 8 � , wedefinethefollowing

conditionson � :� $ � & � � $ 
P& if
�

is constant,i.e.
� $:» & � � $ 
P& for all

» 8 Z (B-1)� $ �@* � & � �@*¸� $ � & (B-2)

If ð� $ Z & F 0 
�2 6C 2¼�54 , then (B-3)

� $ � & � bddde dddf
6C¯¹ 6C � 6C· ! � 8 ­ æ6C ! � 8 ­

6 C6C * 6C � 6C· ! � 8 ­ Í� $ � ± & � � $ � ° & (B-4)

If
� îU. , then � $ � &ÌîV� $ .¸& (B-5)

Theorem37.

a. Theconditions(B-1) to (B-5) aresufficientfor ��� to bea standard DFS.
b. Theconditions(B-1) to (B-5) arenecessaryfor �1� to bea DFS.
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c. Theconditions(B-1) to (B-5) are independent.

In particular, � $ � & � �Ò*P� $ �Ò* � & for all
� 8 ­ , and � $ � &ºO 6C whenever

� 8 ­ æ .
Wecanhencegiveamoreconcisedescriptionof ��� -DFSes,by consideringonly their
behaviour on ­ æ :

Definition 52. By º F Z � wedenotethesetof nonincreasing
� ! Z *y, Z , � �� 
 , i.e.º �10 � 8 Z � ! � nonincreasingand

� $ 
P&ÌYX
·4v�
Wecanassociatewith each�sèe!	ºò*>, Z acorresponding�«!	­R*-, Z asfollows:

� $ � & �cbde df
6C ¹ 6C �sè $ Ñ � *X��&�! � 8 ­ æ6C ! � 8 ­

6 C6C * 6C �sè $ �@*°Ñ � &�! � 8 ­ Í
(24)

Theorem38. If ��� is a DFS,then � canbedefinedin termsof a mapping�sèe!	ºò*y,Z
according to equation(24). �`è is definedby� è $ � & � Ñq� $ 6C ¹ 6C � &K*X��� (25)

Wecanhencefocusonpropertiesof mappings�sèe!	ºò*y, Z without loosingany of the
desiredmodels.

Definition 53. Suppose�`èe!	ºò*y, Z is given.For all
� 28. 8 º , wedefinethefollowing

conditionson �`è :� è $ � & � � $ 
	& if
�

is constant,i.e.
� $:» & � � $ 
P& for all

» 8 Z (C-1)

If ð� $ Z & F 0 
�23�54 , then � è $ � & � � Ï· , (C-2)� è $ � ± & � � è $ � ° & if ð� $\$ 
�2��êV:&S��¿0 
�4 (C-3)

If
� îU. , then � è $ � &`îV� è $ .¸& (C-4)

Theorem39. Suppose�sè !Fºò*y, Z is givenand �1� is definedby (18), (24).

a. Theconditions(C-1) to (C-4)aresufficientfor ��� to bea standard DFS.
b. Theconditions(C-1) to (C-4)arenecessaryfor �1� to bea DFS.

Our introducingof � è is mainly a matterof convenience.We cannow succintlydefine
someexamplesof �1� -QFMs:

Definition 54. By � wedenotethe �1� -QFM definedby

� è» $ � & �¬¼ 6Ï � $:» &pu » 2 for all
� 8 º .
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Theorem40. � is a standard DFS.

� is Q-continuousandarg-continuousandhenceapracticalchoicefor applications.

Definition 55. By � * wedenotethe ��� -QFM definedby

� è * $ � & �RmgH � $ � 6· 2 ��·6 & for all
� 8 º , see(22)and (23).

Theorem41. Suppose½¿! Z C *y, Z is an é -normand �`èe!	ºò*y, Z is definedby

� è $ � & � � 6· ½ ��·6 2
for all

� 8 º . Furthersupposethat ��� is definedin termsof �sè accordingto equations
(18)and (24). Then��� is a standard DFS.

In particular, � * is astandardDFS.It is neitherQ-continuousnorarg-continuousand
hencenot practical.However, � * is of theoreticalinterestbecauseit representsan
extremecaseof �1� -DFSin termsof specificity:

Theorem42. � * is theleastspecific�1� -DFS.

Let usnow considertheissueof mostspecific��� -DFSes.

Definition 56. By �1¾ wedenotethe ��� -QFM definedby

� è ¾ $ � & �Rmon p $ � Ï· 2 ��·Ï & for all
� 8 º ; see(19)and (20).

Theorem43. Suppose�sè !Fºò*y, Z is definedby

� è $ � & � � Ï·�¿ ��·Ï
for all

� 8 º , where ¿ ! Z C *y, Z is a
�
-norm.Further supposethat theQFM ��� is

definedin termsof �`è according to (18)and (24). Then�1� is a standard DFS.

In particular, �À¾ is a standardDFS.Again, �À¾ fails on both continuity conditions,
but we have:

Theorem44.�1¾ is themostspecific�1� -DFS.

Definition 57. By ��Áed wedenotethe ��� -QFM definedby

� è Áed $ � & �Ri\k�le0�mon p $:» 2 � $:» &\&s! » 8 Z 4 for all
� 8 º .
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Theorem45. Suppose¿ ! Z C *y, Z is a continuous
�
-norm and �`è'!;º *y, Z is

definedby � è $ � & �Ri\k�le0 ¢ ¿ � $ ¢e&`!	¢ 8 Z 4
for all

� 8 º . Furthersupposethat ��� is definedin termsof �`è accordingto (18)and
(24). Then�1� is a standard DFS.

In particular, �1Áed is a standardDFS.It is alsoQ-continuousandarg-continuousand
hencea good choicefor applications.As we shall now show, �1Á d is a DFS with
uniqueproperties.

Theorem46.

a. ��Áed weaklypreservesconvexity.
b. If an �1� -DFSweaklypreservesconvexity, then ��Áed W�X ��� .

Theorem47. ��Áed is theonlystandard DFSwhich is compatiblewith fuzzyargument
insertion.

Definition 58. Suppose�§! #%$ �'&@*y, Z is a nondecreasingsemi-fuzzyquantifierand� 8 a#%$ �'& . TheSugenointegral
$ � &�Â � u�� is definedby$ � & ¼ � uP� �Ri\k�le0�mon p $ «v2ê� $:� ©�ª &\&s!�« 8 Z 4v�

Theorem48. Suppose�ü! #%$ �'&`*y, Z is nondecreasing. Thenfor all
� 8 a#%$ �'& ,$ � & ¼ � uP� � �1Á d $ ��& $:� &y�

Hence�1Á d coincideswith theSugenointegralwhenever thelatteris defined.

Definition 59. Suppose� ��g� is a finite baseset of cardinality M �+M � � . For a
fuzzysubset

� 8 a#L$ �'& , let usdenoteby cNÃ @�Ä $:� & 8 Z , AÀ� �^27�3�7�72�� , the A -th largest
membershipvalueof

�
(includingduplicates).11 Weshallalsostipulatethat cNÃ Ï Ä $:� & �� and cNÃ @�Ä $:� & � 
 whenever A YV� .

Usingthis notation,weobtainthefollowing corollary(cf. [5]):

Theorem49. Suppose�ñ��ò� is a finite baseset, ÅL! 0 
�23�7�3�725M �+M 4L*y, Z is a nonde-
creasingmappingand �¡! #L$ �'&`*-, Z is definedby � $ �'& � Å $ M �+M & for all � 8 #%$ �'& .
Thenfor all

� 8 a#%$ �'& ,�1Áed $ ��& $:� & �ÚmgH � 0�monqp $ Å $ A &t2�cNÃ @�Ä $:� &�&`!	
oî A îüM �+M 4v2
i.e. ��Áed consistentlygeneralisestheFG-countapproach of [32,25].
11 More formally, we canordertheelementsof 4 suchthat 4Æy¬��� � wt�t�t��w���Çj� and �)� ßa� � á;ÈÉ&É�É È � �Sßa� Ç á andthendefine�ËÊ Ì�Í ß��%áËy � �Sßa� Ì á .
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Let us also observe that ��Áed is a concreteimplementationof a so-called“substi-
tution approach”to fuzzy quantification[24], i.e. the fuzzy quantifieris modelledby
constructinganequivalentlogical formulaasfollows.12

Theorem50. For every �¡! #L$ �}&)(+*y, Z and
�+6 23�7�3�;2 � (E8 a#L$ �'& ,�1Á d $ ��& $:�+6 27�3�7�72 � ( &�Ri\kÉl 0 a��Î+�Å�Ï $:�+6 27�3�7�72 � ( &`!�(�2nÐ 8 #%$ �'&�(>2n( 6GF Ð 6 23�7�3�72�( ( F Ð ( 4�Rnqp=<;0 a� *+�Å�Ï $:�+6 27�3�7�72 � ( &`!�(W2�Ð 8 #%$ �'& ( 2n( 6GF Ð 6 27�7�3�72n( ( F Ð ( 4

wherea��Î+�Å,Ï $:�+6 27�7�3�72 � ( &�Rm'nqp $,Ñ +�Å Ï $:�+6 27�3�7�72 � ( &t2 nqp=<;0 � $ � 6 27�7�3�72\� ( &s!�( í F � í F Ð í 2 all ë�4^&a� *+�Å,Ï $:�+6 27�7�3�72 � ( &�RmIH � $ �@* Ñ +�Å Ï $:�+6 23�7�7�72 � ( &t2 i\k�l 0 � $ � 6 23�7�7�72�� ( &s!�( í F � í F Ð í 2 all ë�4^&Ñ +�Å Ï $:�+6 27�7�3�72 � ( &� (m'nqpí�û 6 m'nqp $ nqp=<ê0 ced $ b�&`!Pb 8 ( í 4	2 nqp=<ê0 �@*Êced $ b�&s!PbEª8 Ð í 4^&y�
Returningto �1� -DFSesin general,wecanstatethat:

Theorem51.

– All ��� -DFSescoincideon three-valuedarguments,i.e. whenever
�+6 27�3�7�72 � (Ê8a#%$ �'& with ced M $ b�& 8 0 
�2 6C 2e�54 for all b 8 � ;

– all ��� -DFSescoincideonthree-valuedsemi-fuzzyquantifiers,i.e. �ü! #%$ �'&�(+*-,0 
�2 6C 2¼�54 ;
– Every �1� -DFSpropagatesfuzzinessin quantifiersandarguments.

In addition,every ��� -DFS is a consistentgeneralisationof the fuzzificationmecha-
nismproposedby Gaines[8] asafoundationof fuzzyreasoning.A broaderclassof DFS
modelsis obtainedif wedropthemedian-basedaggregationmechanismof �1� -DFSes
[10]. To this end,let usobserve that

$ � &�¡ canbeexpressedas�
¡ $:�+6 23�7�7�72 � ( & �ÚmI^7ÿ 6C $ �
�¤£ ´¡ $:�+6 23�7�3�;2 � ( &t2t�

�K��¥¡ $:�+6 27�7�3�72 � ( &\&y2 (26)

whereweabbreviate� �¦£ ´¡ $:�+6 27�3�7�72 � ( & �Rn p=<;0 � $ � 6 27�3�7�72\� ( &s!	� í 8  p¡ $:� í &�4 (27)� �K��¥¡ $:�+6 27�3�7�72 � ( & �Ri\k�le0 � $ � 6 27�7�3�72\� ( &s!	� í 8  p¡ $:� í &�4s� (28)

12 In the finite case,ÒÔÓ%Õ and {�}%~ reduceto logical connectives Ö×yÙØ�Ú�Û and Ü×yÝØ�ÒÞÓ as
usual.We needto allow for occurrencesof constantsÛºß�� � wt�t�t��w8� � áå{1ä in the resulting
formulabecausethefuzzificationmechanismis appliedto semi-fuzzyquantifiers,not only to
two-valuedquantifiers.
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This is apparentfrom Def. 31andDef. 46. mI^7ÿ 6C $:» 2 Z & canthenbereplacedwith other

connectives,e.g.thearithmeticmean
$:» ¹ Z &\ª^Ñ . An exampleof aDFSnotbasedin the

fuzzymedianis thefollowing:

Definition 60. TheQFM ��Ázß is definedby

��Ázß $ �£& $:�E6 23�7�7�72 � ( & � 6C ¼
6
Ï �
�¦£ ´¡ $:�+6 27�7�3�72 � ( &puF¢ ¹ 6C ¼

6
Ï �
�K��¥¡ $:�+6 27�3�7�72 � ( &puF¢�2

for all �¡! #%$ �'&)(+*y, Z , �+6 27�7�3�72 � (E8 a#%$ �'& .
Theorem52. ��Ázß is a standard DFS.

The DFS �¯Ázß is Q-continuousand arg-continuous.However, it neither propagates
fuzzinessin quantifiersnor in arguments.Thisdemonstratesthat ��Ázß is ratherdifferent
from ��� -DFSes.

Definition 61. Suppose�§! #%$ �'&@*y, Z is a nondecreasingsemi-fuzzyquantifierand� 8 a#%$ �'& . TheChoquetintegral
$�àrá & Â � uP� is definedby

$�àrá & ¼ � u�� � ¼ 6Ï � $:� ©�ª &pu�«o�
Theorem53. Suppose�ü! #%$ �'&`*y, Z is nondecreasing. Thenfor all

� 8 a#%$ �'& ,$�à�á & ¼ � uP� � ��Ázß $ �£& $:� &-�
Hence ��Ázß coincideswith the Choquetintegral whenever the latter is defined.As a
corollary, weobtain(cf. [5]):

Theorem54. Suppose�ñ��ò� is a finite baseset, ÅL! 0 
�23�7�3�725M �+M 4L*y, Z is a nonde-
creasingmappingsuch that Å $ 
	& � 
 , Å $ M �+M & � � , and ��! #L$ �'&Ò*-, Z is definedby� $ �o& � Å $ M �åM & for all � 8 #%$ �'& . Thenfor all

� 8 a#L$ �'& ,
�¯ÁËß $ ��& $:� & � � = �â@ û 6 $ Å $ A & *¸Å $ A *X��&\& � cNÃ @�Ä $:� &¸2

i.e. ��Ázß consistentlygeneralisesYager’sOWA approach [26].
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6 Evaluation of FuzzyQuantifiers in DFS

Let usnow discussthecomputationalaspectsandshow how thefuzzyquantifiers� $ �£&
canbeefficiently implemented.

6.1 Evaluation of “simple” quantifiers

Theorem55. In everystandard DFS � andfor all ����B� ,� $ A & $:� & �Ri\kÉl 0 ced $ b5&s!Pb 8 �o4� $ < & $:� & �Rnqp=<;0 ced $ b�&s!�b 8 �'4� $ all & $:�E6 2 �%C & �Rnqp=<ê0�mgH � $ �@*Øced r $ b5&t2Éced u $ b5&\&s!Pb 8 �o4� $ some& $:�E6 2 �%C & �Ri\k�le0�mon p $ ced`r $ b�&t2¸cedWu $ b�&\&s!�b 8 �o4� $ no& $:�E6 2 �%C & �Rnqp=<ê0�mgH � $ �@*Øced`r $ b5&t2e�@*ÊcedWu $ b�&\&s!Pb 8 �o4� $ at leastk & $:�+6 2 �IC & �Ri\kÉl 0 « 8 Z !>M $:�+6KJ%�%C & ©�ª M�ORQ¸4v2
for all

� 2 �E6 2 �%C 8 a#%$ �'& . In particular, if � is finite, then

� $ at leastk & $:�+6 2 �IC & � cNÃ ¾ Ä $:�+6KJL�%C &
Let us remarkthat more than k � at leastk+1, lessthan k � �o* at leastk and
at most k � �@* more than k, i.e. thesequantifierscanbecomputedfrom at leastk.

6.2 Evaluation of quantitati ve one-placequantifiers

Wefirst needsomeobservationson quantitativeone-placequantifiers.

Theorem56. A one-placesemi-fuzzyquantifier � ! #%$ �'&£*y, Z on a finite baseset����1� is quantitativeif andonly if thereexistsa mappingÅ£! 0 
�27�3�7�725M �+M 4�*y, Z such
that � $ �o& � Å $ M �åM & , for all � 8 #L$ �}& . Å is definedbyÅ $ A & � � $ � @ & (29)

for A 8 0 
�27�3�7�725M �+M 4 , where � @ 8 #%$ �'& is an arbitrary subsetof cardinality M � @ M �BA .

In particular, if thequantifierhasextension,thenthereexists czlì! � *y, Z suchthat
for all finite basesets� ��B� , Å $ A & � czl $ A & for all A 8 0 
�23�7�3�;2^M �+M 4 .
Theorem57. A quantitativeone-placesemi-fuzzyquantifier ��! #%$ �'&Ò*y, Z on a fi-
nitebasesetis convex if andonlyif thereexistsA�ãnä 8 0 
�23�7�7�72&�Ð4 such that Å $�å &`îæÅ $a` &
for all

å î ` î A�ã�ä , and Å $�å &`OçÅ $a` & for all A�ã�ä î å î ` ; where Å£! 0 
�27�7�3�725M �EM 4�*y, Z
is themappingdefinedby (29).
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Theorem58. A quantitativeone-placesemi-fuzzyquantifier �g! #%$ �'&å*>, Z on a
finite basesetis nondecreasing(nonincreasing)if andonly if themappingÅ definedby
(29) is nondecreasing(nonincreasing).

Let us now simplify the formulasfor � �¦£ ´¡ $:�+6 23�7�7�72 � ( & and � �K��¥¡ $:�+6 27�7�3�72 � ( & in

thecaseof a quantitative � , cf. (26), (27), (28). Givena fuzzy subset
� 8 a#%$ �'& of a

finite baseset � ��B� and ¢ 8 Z , let usabbreviateM � M �¤£ ´¡ � M $:� & �¦£ ´¡ M (30)M � M ����¥¡ � M $:� & �K��¥¡ M (31)

For all 
'î å î ` îüM �EM , we furtherdefineÅ �¤£ ´ $�å 2 ` & �Úm'nqp>0 Å $ QÉ&s! å îRQLî ` 4 (32)Å ����¥ $�å 2 ` & �ÚmIH � 0 Å $ Q�&`! å îRQLî ` 4s� (33)

Theorem59. For everyquantitativeone-placesemi-fuzzyquantifier �w! #L$ �}&Ò*y, Z
on a finite baseset,all

� 8 a#%$ �'& and ¢ 8 Z ,� �¤£ ´¡ $:� & � Å �¤£ ´ $�å 2 ` &� ����¥¡ $:� & � Å ����¥ $�å 2 ` &��¡ $:� & �Rm_^3ÿ 6C $ Å �¦£ ´ $�å 2 ` &t2&Å �K��¥ $�å 2 ` &\&y2
abbreviating

å � M � M �¦£ ´¡ and
` � M � M �K��¥¡ .

Wecanuse(Th-57)and(Th-58)for somesimplifications.If � is convex, thenÅ �¦£ ´ $�å 2 ` & �Rmon p $ Å $�å &t2&Å $a` &\&
Å �K��¥ $�å 2 ` & � be f

Å $�å & ! å Y A�ã�äÅ $a` & ! `Àþ A�ã�äÅ $ A�ã�ä & ! å î A�ã�ä î `
andif � is monotonic, thenÅ �¤£ ´ $�å 2 ` & � Å $�å &t2èÅ ����¥ $�å 2 ` & � Å $a` & if � nondecreasingÅ �¤£ ´ $�å 2 ` & � Å $a` &t2éÅ �K��¥ $�å 2 ` & � Å $�å & if � nonincreasing.

In the caseof the DFS ��Áed , we canusethe following fuzzyinterval cardinality to
evaluatequantitativeone-placequantifiers.

Definition 62. For everyfuzzysubset
� 8 a#%$ �'& , thefuzzyinterval cardinality ê � ê £ ë 8a#%$ � ú � & is definedby

c]ì d ì,í î $�å 2 ` & � ¦ monqp $ cNÃ ï Ä $:� &\2��@*ØcNÃ ð æ 6 Ä $:� &�& ! å î `
 ! else
for all

å 2 ` 8 � . (34)

Intuitively, c]ì d ì í î $�å 2 ` & expressesthedegreeto which
�

hasbetween
å

and̀ elements.
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Algorithm for computing ñ�ß:ÛGá�ß��%á Algorithm for computing �:ò óPß:ÛGá�ß��%á
INPUT: d
// initialise H, ï , ð
H := Hist ô ;ï := õö÷,ø r H[m+j];ð := ï + H[m];
cq :=

�¦ù�ú ru ( û�ü í ý ( ï , ð ), û�ü=þ�ÿ ( ï , ð ));
if( cq ==

ru ) return
ru ;

sum := cq;
if( cq

§ ru )
for( j := 1; j � m; j := j + 1 ) �

nc:= true; // "no change"
// update clauses for ï and ð
if( H[m+j] �û 0 )� ï := ï - H[m+j]; nc:= false; �
if( H[m-j] �û 0 )� ð := ð + H[m-j]; nc:= false; �
if( nc)� sum := sum + cq; continue; �
// one of ï or ð has changed
cq := û�ü í ý ( ï , ð );
if( cq � ru ) break;
sum := sum + cq;�

else
for( j := 1; j � m; j := j + 1 ) �

nc:= true;
.
.
. // update clauses etc. as above
// one of ï or ð has changed
cq := û�ü=þ ÿ ( ï , ð );
if( cq

© ru ) break;
sum := sum + cq;�

return (sum +
ru *(m-j)) / m;

END

INPUT: d
// initialise H, ï , ð
H := Hist ô ;ï := õö÷�ø r H[m+j];ð := ï + H[m];
cq := û�ü í ý ( ï , ð ) + û�ü=þ ÿ ( ï , ð );
sum := cq;
for( j := 1; j � m; j := j + 1 ) �

ch := false; // "change"
// update clauses for ï and ð
if( H[m+j] �û 0 )� ï := ï - H[m+j]; ch := true; �
if( H[m-j] �û 0 )� ð := ð + H[m-j]; ch := true; �
if( ch )

// one of ï or ð has changed� cq := û�ü í ý ( ï , ð ) + û�ü=þ�ÿ ( ï , ð ); �
sum := sum + cq;�

return sum / m’; // where m’ = 2*m
END

Table1.Algorithmsfor evaluatingquantitativeone-placequantifiers

Theorem60. For everyquantitativeone-placequantifier � ! #%$ �}&º*y, Z on a finite
basesetandall

� 8 a#L$ �'& ,�1Á d $ ��& $:� & �ÚmgH � 0�mon p $ c]ì d ì,í î $�å 2 ` &t2&Å �¤£ ´ $�å 2 ` &\&s!	
'î å î ` îìM �+M 4�Úmon p>0�mgH � $ �@*Øc]ì d ì í î $�å 2 ` &�2�Å �K��¥ $�å 2 ` &\&s!P
'î å î ` îüM �+M 4v�
In thecaseof other �1� -DFSesandfor ��Ázß , a histogram-basedapproachcanbeused
to efficiently implementtheresultingquantifiers.For simplicity of presentation,wewill
describea computationproceduresuitedto integer-arithmetics.We henceassumethat,
for a fixed �Eè 8 �æ� 0 
�4 , all membershipvaluesof fuzzy argumentsets

�E6 27�3�7�72 � (satisfy

ced M $ b�& 8 ¦ 
�2 �� è 23�7�3�;2 �Eè¸*X�� è 23� C (35)

for all b 8 � . If
� 8 a#L$ �}& satisfies(35), we canrepresenttherequiredhistogramof�

asan
$ �Eè ¹ ��& -dimensionalarrayHistd¿! 0 
�23�7�7�32��+è�4£*-, �

, definedby

Histd T A V ���� 0 b 8 �Î!�ced $ b5& � A� è 4 ��
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for all A�� 
�23�7�7�32��+è . We further assumethat �Eè is even, (i.e. �+è � Ñq� for a given� 8 �ç� 0 
�4 ). Thecomputationproceduresfor theDFSes� and ��Ázß arepresented
in Table1.

In thealgorithmfor � , wehaveutilizedthat �
¡ $:� & �ÚmgH � $ 6C 2�Å �¦£ ´ $�å 2 ` &\& if � Ï $:� &`Y6C and ��¡ $:� & ��monqp $ 6C 2�Å �K��¥ $�å 2 ` &\& otherwise.A further simplification is possible
if � is monotonic.For example,if � is nondecreasing,then Å �¦£ ´ $�å 2 ` & � Å $�å & andÅ �K��¥ $�å 2 ` & � Å $a` & , i.e. we canomit theupdatingof

`
in thefirst for-loop andlikewise

omit
å

in thesecondfor-loop.

6.3 Evaluation of absolutequantifiers and quantifiers of exception

Definition 63. For everytwo-placesemi-fuzzyquantifier �ü! #%$ �}& C *y, Z ,
– � is calledabsoluteiff thereexistsaquantitativeone-placequantifier �ºè ! #%$ �'&s*y,Z

such that � � � è J , i.e. � $ � 6 2\� C & � �ºè $:�+6KJL�%C & for all � 6 2�� C 8 #L$ �}& .– � is called a quantifierof exception iff there existsan absolutequantifier �ºè è}!#%$ �'& C *>, Z such that � � �ºè è Ô , i.e. � $ � 6 2\� C & � � è è $:�+6 2 Ô �IC & for all � 6 2\� C 8#%$ �'& .
For example, the two-placequantifierabout 50 is an absolutequantifier. Someex-
amplesof quantifiersof exceptionarepresentedin Table2. The DFS axiomsensure
that � $ �£& $:�+6 2 �IC & � � $ �ºè�& $:�+6@JØ�%C & , whenever � � � è J is an absolutequan-
tifier and

�+6 2 �IC 8 a#%$ �}& . Similarly if � � �ºè J Ô is a quantifier of exception,
then � $ �£& $:�+6 2 �%C & � � $ �ºè�& $:�+6ºJ Ô �%C & , for all

�+6 2 �IC 8 a#%$ �'& , where � èØ!#%$ �'&`*-, Z is quantitative.Wecanhenceusethealgorithmsfor computing� $ � è�& $:� & ,� 8 0 ��Áed£2&�ñ2��¯Ázß�4 to evaluateabsolutequantifiersandquantifiersof exception.

Quantifier Antonym (absolute)
all no
all exceptexactlyk exactly k
all exceptabout k about k
all exceptat most k at most k

Table2.Examplesof quantifiersof exception

6.4 Evaluation of proportional quantifiers

Definition 64. A two-placesemi-fuzzyquantifier �Î! #%$ �'& C *y, Z on a finite baseset
is calledproportionalif thereexist 0 Ï 8 Z , � ! Z *y, Z such that

� $ � 6 2\� C & � ¦ � $ M � 6�J � C M ª¸M � 6 M &�!j� 6 ��B�0 Ï ! else
for all � 6 2\� C 8 #%$ �'& .
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For example,we have provideda definitionof almostall where
� $�� & �¿� $:» 2t
��
�P2�
��
�	&

and 0 Ï � � , seeequation(1). Usually
�

and 0 Ï canbechosenindependentlyof � , i.e. �
hasextension.We shall restrict our attentionto thoseproportionalquantifierswhere� ! Z *>, Z is nondecreasing.13 Suppose� is sucha quantifierand

�E6 2 �%C 8 a#%$ �'& .We areusingabbreviations ç 6 � �E6 , ç C � �E6ÌJå�%C and çN� � �+6`J Ô �%C ; further
let

å3¾ � M ç ¾ M �¤£ ´¡ and
`>¾ � M ç ¾ M �K��¥¡ , Q 8 0 �52êÑ�2t[P4 , �

�¦£ ´ � � $�å3C ª $�å7C ¹ ` ��&\& and� �K��¥ � � $a`>C ª $a`>C ¹ å ��&\& . Then��¡ $:�+6 2 �%C & �Rm_^3ÿ 6C $ Å �¦£ ´ $�å�6 2 å7C 2 `¼6 2 ` ��&t2 Å �K��¥ $�å�6 2 å �52 `¼6 2 `>C &\&y�
For the definitionsof Å �¦£ ´ 2&Å ����¥ ! 0 
�23�7�3�;2^M �+M 4 � *-, Z andthe actualalgorithmsfor
evaluatingproportionalquantifiers,seeTable3 and4. As shown in Table4.a,a slight
modificationof thealgorithmfor � $ ��& $:� & in thecaseof one-placequantitativequan-
tifiers is sufficient to compute� $ ��& $:�+6 2 �%C & for proportionalquantifiers.4.bdepicts
thealgorithmfor evaluating��Áed $ �£& $:�+6 2 �%C & in thecaseof proportionalquantifiers.
Thealgorithmfor computing��Ázß $ �£& $:� & canbeadaptedin a similar fashionin order
to implement�¯Ázß $ �£& $:�+6 2 �%C & for proportionalquantifiers.

13 if � is nonincreasing,we cancompute�'ß:ÛGá�y��)�'ß	�¼Û@á , noting that the negation �eÛ is
proportionalandnondecreasing.
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1. ï r § Ï . Then û�ü í ý û Ë ü í ý .
2. ï r û Ï .

a. ï u æ ð�
 § Ï .Then û�ü í ý û �¦£ ´ Ã
��� Å Ë ü í ý È .
b. ï u æ ð 
 û Ï .i. ð r § Ï .

Then û�ü í ý û �¤£ ´ Ã
��� Å Ë Ã 6 È:È .
ii. ð r û Ï . Then û�ü í ý û ��� .

Note. If � � � Ë Ã 6 È , then

�¦£ ´ Ã
� � Å Ë Ã 6 È�È û � � ,
i.e. we need not distinguish 2.b.i and
2.b.ii.

For û�ü=þ�ÿ Ã ï r Å ï 
 Å ð r Å ð u È , we have:

1. ï r § Ï . Then û�ü�þ ÿ û Ë ü=þ ÿ .
2. ï r û Ï .

a. ð u æ ï 
 § Ï .Then û�ü=þ ÿ û ����¥ Ã���� Å Ë ü=þ ÿ È .
b. ð u æ ï 
 û Ï .i. ð r § Ï .

Then û�ü=þ ÿ û �K��¥ Ã
��� Å Ë Ã Ï È�È .
ii. ð r û Ï . Then û�ü=þ ÿ û ��� .

Note. If Ë Ã Ï È � ��� , then 2.b.i and 2.b.ii
need not be distinguished.

Table3.Computationof � ��� � and � � ��� for proportionalquantifiers

a. Algorithm for computingñ ß:Û@á�ß�� � w����êá b. Algorithm for computingñ ò�� ß:Û@á�ß�� � w����tá
INPUT: d`r Å dWu
// initialise ��� , ï , ð� r := Hist ô r ;� u := Hist ô r�� ô u ;� 
 := Hist ô r�� � ô u ;
for( k := 1; k � � ; k := k+1 ) �ï � := õö÷�ø r � r [m+j]; ð � := ï � + �!� [m];�
cq :=

�¦ù�ú ru Ã û�ü í ý Ã ï r Å ï u Å ð r Å ð 
 È Å û�ü=þ ÿ Ã ï r Å ï 
 Å ð r Å ð u È�È
if( cq ==

ru ) return
ru ;

sum := cq;
if( cq

§ ru )
for( j := 1; j � m; j := j + 1 ) �

nc:= true; // "no change"
// update clauses for ï r�Å ï utÅ ð r\Å ð"

if( � r [m+j] �û 0 )� ï r := ï r - � r [m+j]; nc:= false; �
if( � u [m+j] �û 0 )� ï u := ï u - � u [m+j]; nc:= false; �
if( � r [m-j] �û 0 )� ð r := ð r + � r [m-j]; nc:= false; �
if( � 
 [m-j] �û 0 )� ð 
 := ð 
 + � 
 [m-j]; nc:= false; �
if( nc)� sum := sum + cq; continue; �
// one of ï r Å ï u Å ð r Å ð 
 has changed
cq := û�ü í ý Ã ï r Å ï u Å ð r Å ð 
 È ;
if( cq � ru ) break;
sum := sum + cq;�

else
for( j := 1; j � m; j := j + 1 ) �

nc:= true;
// update clauses for ï r Å ï 
 Å ð r Å ð u
if( � r [m+j] �û 0 )� ï r := ï r - � r [m+j]; nc:= false; �
if( � 
 [m+j] �û 0 )� ï#
 := ï�
 - � 
 [m+j]; nc:= false; �
if( � r [m-j] �û 0 )� ð r := ð r + � r [m-j]; nc:= false; �
if( � u [m-j] �û 0 )� ð u := ð u + � u [m-j]; nc:= false; �
if( nc)� sum := sum + cq; continue; �
// one of ï r Å ï 
 Å ð r Å ð u has changed
cq := û�ü=þ ÿ Ã ï r Å ï 
 Å ð r Å ð u È ;
if( cq

© ru ) break;
sum := sum + cq;�

return (sum +
ru *(m-j)) / m;

END

INPUT: d`r Å dWu
// initialise ��� , ï , ð� r := Hist ô r ;� u := Hist ô r�� ô u ;� 
 := Hist ô r�� � ô u ;
for( k := 1; k � � ; k := k+1 ) �ï � := õö÷,ø r � r [m+j]; ð � := ï � + ��� [m];�
cq :=

�¤ù,ú ru Ã û�ü í ý Ã ï r Å ï u Å ð r Å ð 
 È Å û�ü=þ ÿ Ã ï r Å ï 
 Å ð r Å ð u È�È
if( cq ==

ru ) return
ru ;

sum := cq;
if( cq

§ ru )�
for( j := 1; j � m; j := j + 1 ) �

ch := false; // "change"
// update clauses for ï r Å ï u Å ð r Å ð 

if( � r [m+j] �û 0 )� ï r := ï r - � r [m+j]; ch := true; �
if( � u [m+j] �û 0 )� ï u := ï u - � u [m+j]; ch := true; �
if( � r [m-j] �û 0 )� ð r := ð r + � r [m-j]; ch := true; �
if( � 
 [m-j] �û 0 )� ð"
 := ð�
 + � 
 [m-j]; ch := true; �
if( ch )

// one of ï r Å ï u Å ð r Å ð 
 has changed� cq := û�ü í ý Ã ï r Å ï u Å ð r Å ð 
 È ; �
if( cq � m+j )� return (m+j)/m’ ��

return 1;�
else

for( j := 1; j � m; j := j + 1 ) �
ch := false;
// update clauses for ï r Å ï 
 Å ð r Å ð u
if( � r [m+j] �û 0 )� ï r := ï r - � r [m+j]; ch := true; �
if( � 
 [m+j] �û 0 )� ï�
 := ï�
 - � 
 [m+j]; ch := true; �
if( � r [m-j] �û 0 )� ð r := ð r + � r [m-j]; ch := true; �
if( � u [m-j] �û 0 )� ð u := ð u + � u [m-j]; ch := true; �
if( ch )

// one of ï r Å ï 
 Å ð r Å ð u has changed� cq := û�ü�þ ÿ Ã ï r Å ï 
 Å ð r Å ð u È ; �
if( cq

©
m-j )� return (m-j)/m’; ��

return 0;
END

Table4.Algorithmsfor evaluatingtwo-placeproportionalquantifiers
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7 Conclusion

Fuzzyquantificationis a linguistic summarisationtechniquecapableof expressingthe
global characteristicsof a collectionof individuals,or of a relationbetweenindivid-
uals.However, our findings clearly show that existing approachesto fuzzy quantifi-
cation fail to provide convincing resultsin the importantcaseof two-placequantifi-
cation(e.g.“many blondesaretall”). We have developedan axiomaticframework for
fuzzyquantificationwhichcomplieswith alargenumberof linguisticallymotivatedad-
equacy criteria.In particular, wehavepresentedthefirst modelsof fuzzyquantification
which provide anadequateaccountof the“hard” casesof multiplacequantifiers,non-
monotonicquantifiers,andnon-quantitative quantifiers,andwe have shown how the
resultingoperatorscanbeefficiently implementedbasedon histogramcomputations.

Figure6.Cloudyin SouthernGermany (relevantimageson top)

Themodeldenoted$ is beingappliedin a multimediaretrieval systemfor meteoro-
logical documents[13]. Fig.6 depictsa rankingof cloudinesssituationsaccordingto
thecriterion“cloudy in SouthernGermany”. Therankinghasbeencomputedby eval-
uating $&% prop'(% SouthernGermany ) cloudy' , whereprop %	*,+-)�*�./'�021 *3+546*�.71 891 *,+�1 .
Fig.7 presentsthe resultsof evaluatingseveral accumulative conditionson a set of
cloudinessimages.Theseconditionsareof thetype“ : -timescloudyin thelastdays”.
A trapezoidalproportionalquantifiertr p ; < =�< >@?�AB%DCE' .GFIHKJ

, definedby

tr p L(M N�M OQPSRUTQVWRYXQZ,[ \^] L(M N P`_ R Tba R X _ c7_ R T _ Zed2R Tgf[ihj d2RUT5[ih ] L(M N PSk"Zl[nmo prq d2ktsvuw�x LN x L d2uzy{ktyv|} d2kt~�|
hasbeenusedto modelsomeof thequantifiers.Theresultingimage � haspixel inten-
sities �@�{0�$�%�:z'(%	��+�)��6. < �7' , for all pixels � where C is the setof images,�l��� %�� '
expressesthe degreeto which an image ����C belongsto the fuzzy time interval “in
thelastdays”,and �l����� �Y%�� ' is thedegreeto which pixel � is cloudyin image � .
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Data:

0.2 0.4 0.6 0.7 0.8 0.9 1.0 1.0

Results:

atleastonce sometimes often almostalways always
some tr p � M �Q� � M � tr p � M T M ��� � tr p �Q� � M T � � M T � � all

Figure7.Cloudyin thelastdays:Summarisationresultsfor differentchoicesof thequantifier � .
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A Appendix

A.1 Proof of Theorem9

Suppose:�?IA6%DCE'�� FbH�J
is a semi-fuzzyquantifierof arity ��� � and ¡��¢A6%DC£' .

Weshalldefinethe � -placequantifier :t¤l?¥A6%DCE'�� FIHKJ
by: ¤ %	*,+-)�¦�¦-¦�)�* � '!0§:t¨©¡E%	*3+�)-¦�¦�¦�)�* �Yª +('�0§:«%	*3+-)�¦�¦-¦�)�* �Yª +-)�¡G'I)

for all *,+-)-¦�¦-¦()�* �¬ª +��§A6%DC£' . Observingthat cxt %D¡G'£0®­ ¡�¯ because¡°�§A6%DCE' is
crisp, it is then apparentthat :²±z³ � � < ´ ´µ´µ< ��¶"· � < ¸�¹ :t¤ for all �º+-)�¦-¦�¦�)�� �Yª +i�¼»AB%DC£'
because :«%	*3+�)�¦-¦�¦�)�* � '�0§:«%	*,+-)-¦�¦-¦()�* �¬ª +�)�¡G'�0§: ¤ %	*3+�)-¦�¦�¦�)�* � '
for all *3+^� cxt %	��+Q'�)-¦�¦�¦�)�* �Yª +g� cxt %	� �Yª +('�)�* � � cxt %D¡G'�0½­ ¡�¯ . Hence��%�:¾'(%	��+�)-¦�¦�¦�)�� �¬ª +�)�¡G'0«��%�: ¤ '(%	��+�)�¦-¦�¦�)�� �Yª +�)�¡G' because� is contextual0«��%�:G¨©¡G'Q%	��+-)�¦�¦-¦�)�� �Yª +(' because� preservescylindrical extensions.

A.2 Proof of Theorem16

Suppose� is a DFSand :²?¿A6%DC£'#� FUHeJ
, :À?7A6%DC�¤S'�� FUH�J

is a pair of semi-fuzzy
quantifierssuchthat C²Á�C ¤ and : ¤ 1 ÂY³ÄÃ ¹ ¶ 0§: , i.e.:«%	*,+-)-¦�¦�¦�)�* � '�0§: ¤ %	*,+-)-¦�¦�¦�)�* � 'I) (36)

for all *,+-)-¦�¦�¦�)�* � �ÅA6%DC£' . Denotingby ÆÇ?ÈC FUH Cz¤ the inclusion Æb%�� '60®� for
al ����C andrecallingthedefinitionof crisp extensionÉ Æ (seep.10), equation(36) is
apparentlyequivalentto:Ê%	*3+-)�¦-¦�¦�)�* � '�0Å: ¤ % É Æb%	*3+Q'�)-¦�¦-¦() É ÆI%	* � '�'
for all *3+-)�¦-¦�¦�)�* � �ºA6%DC£' , i.e. :Ë0§:G¤¿Ì �ÍÎSÏ + É Æ . Hence

��%�:¾'!0«��%�: ¤ Ì �ÍÎÐÏ + É Æ¬'0«��%�: ¤ 'lÌ �ÍÎÐÏ + É��%#ÆY' by (Z-6)0«��%�: ¤ 'lÌ �ÍÎÐÏ +3ÑÑÆg¦ by (Th-15)

Therefore ��%�:¾'(%	��+�)-¦�¦�¦�)�� � '�0R��%�: ¤ 'Q%#ÒÓ+-)�¦-¦�¦�)QÒ � '
where �3Ô¿Õ(%�� '�0ÀÖ �l� Õ %�� '×?Ø�G�ÙC� ?Ø�B8�ÙC
for all Ú50ÜÛ�)�¦-¦�¦-)�� and ����Cz¤ , asdesired.
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A.3 Proof of Theorem22

a. To seethat É� is uniquelydeterminedby »Ý , simplycombinetheequationsin (Th-19)
and(Th-21).

b. Theproof that Þ,+ »Ý Þb.G0À% »ß�à Ì É��%Wáâ'�'(%	�v' for all Þ,+�)9Þb.¾� J
hasbeenpresentedin

[11, Th-25;p.41].

A.4 Proof of Theorem34

Suppose:ã?�A6%DC£' .GFUHØJ
is conservative, i.e.:«%	*,+-)�*�./'�0§:«%	*3+-)�*3+r4B*�./'U) (37)

for all *3+-)�*�.t�ºAB%DCE' , andsuppose��+-)��6.t�Å»AB%DC£' aregiven.Thenclearly:�±z³ � � < ��� ¹ :z4r¨ spp%	��+Q' (38)

because *,+^� cxt %	��+�'�0�ä *,+^Á spp%	��+Q' (39)

by (10)andhence:Ê%	*3+-)�*�.-'!0§:«%	*,+-)�*,+54B*b./' by (37)0§:«%	*,+-) %	*,+54 spp%	�º+('�'�4B*�./' by (39)0§:«%	*,+-)�*,+54{% spp%	�º+('�4B*�./'�' by associativity of 40§:«%	*,+-) spp%	�º+('l46*�./' by (37)0§:«%	*,+-)�*b.�4 spp%	��+Q'�'I) by commutativity of 4
for all *3+^� cxt %	��+Q'�)�*b.t� cxt %	�6.-' . Therefore

��%�:z'�%	��+()��6.-'!0«��%�:z4r¨ spp%	��+Q'�'(%	��+�)��6.-' by (38), (Th-8)0«��%�:z'(%	��+�)��6. »4 spp%	��+Q'�' by (Th-6), (Th-9)0«��%�:z'(%	��+�) spp%	��+Q' »46�6./'U) because»å is æ -normby (Th-2)

asdesired.

A.5 Proof of Theorem35

Suppose� is aQFM whichsatisfiestheconditionsa.to e.of thetheorem.Theproof is
by contradiction,i.e.weshallassumethat � stronglypreservesconservativity.
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Let usfirst observe thatfor all Þç� J
,

Þº0�èÄé¬ê-%	Þ�'0K»�Ù%	è�éI.-' by conditiona.0«��%�:Gë ì/�/'Q% »í %	Þ�'�' by Def. 70«��% ß +('(%	�{'I)
where�K�Å»A6%�­7Û"¯�' is thefuzzysubsetdefinedby �l�E%`Û '�0ÇÞ , and ß +@?¥A6%#­7Û"¯�' FbH�î

.
BecauseÞÙ� J

waschosenarbitrarily, this provesthat

��% ß +('�0 »ß +,¦ (40)

It is apparentfrom (15) that ß +(4®?ïA6%�­7Û"¯"' .�FIH î
is conservative. Henceby our

assumptionthat � stronglypreservesconservativity,

��% ß +(4�'!0«��% ß +Q' »4 by conditiond.0 »ß + »4 by (40)

is stronglyconservative.Now supposeð�� J
is given.Let usdefine ��+�)��6.¾�ã»AB%�­©Û"¯�'

by �l� � %`Û/'�0Çð , �6.g0½­7Û ¯ . Then

ðÊ0Çð »å Û by conditionc., »å is æ -norm0 »ß + %	�º+ »4B�6.-' by Def. 6, definitionof ��+ ,�«.0 »ß + »4Ó%	�º+-)��6.-' by Def. 150 »ß + »4Ó%	�º+-)���+ »46�6./' by assumedconservativity of »ß + »40 »ß + %	�º+ »4{%	��+ »4B�6.-'�' by Def. 150��l�È�/%`Û ' »å %	�l��� %`Û ' »å �l� � %`Û/'�' by Def. 60Çð »å %Dð »å Û/' by definitionof ��+-)��6.0Çð »å ð^¦ because»å æ -normby conditionc.

Becauseð6� J
waschosenarbitrarily, this meansthat »å is anidempotentæ -norm,i.e.

»å 0�ñÊèÄòG) (41)

seee.g.[15, Th-3.9,p.63].
Let usnow consideranotherquantifier, viz :G¤b0 »ß +Q4!óË?�AB%#­7Û"¯�' .tFIH�î

, i.e.

: ¤ %	*,+-)�*�./'�0Åô ß +/%	*3+r4�ôr*b./' (42)
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for all *3+-)�*�.t�ºAB%DCE' .14 :G¤ is conservativebecause: ¤ %	*3+-)�*3+r4B*�./'�0Åô ß +/%	*,+�4�ô3*3+546*�./' by (42)0Åô ß +/%	*,+�4õ%#ô3*3+5ö�ôr*�./'�' by DeMorgan’sLaw0Åô ß +/%�%	*,+54�ô3*3+Q',öõ%	*3+54�ô3*�./'�' by distributivity of ö , 40Åô ß +/%#÷øö{%	*3+r4�ôr*b./'�' by law of contradiction0Åô ß +/%	*,+�4�ô3*�./' because÷ is identityof ö0§: ¤ %	*,+-)�*b./'I¦ by (42)

Therefore��%�:t¤	' is assumedto bestronglyconservative. Now let ðU)�ù6� J
anddefine�º+-)��6.t�Å»AB%�­©Û"¯�' by �l� � %`Û '�0Çð , �l����%`Û '�0§ù . Then��%�: ¤ '(%	��+�)��6.�'!0 »ô »ß ³S��+ »4 »ô¾�6./' by (40)andconditionsd.,e.0 »ôú%Dð »å »ô£ù(' by Def. 6, definitionof ��+�)��6.0 »ô¾ñÊèÄò3%Dð9) »ôEù�' because»å 0�ñÊèÄò by (41)0�ñ«û"ü�% »ôEðU)�ù�'I) because»ô is strongnegationby b.

i.e. ��%�: ¤ '(%	��+�)��6./'�0�ñ«û"ül% »ô¾ðU)Qù('I¦ (43)

Similarly��%�: ¤ '(%	�º+�)��º+ »4B�6.-'�0 »ô »ß ³S��+ »4 »ôú%	�º+ »46�6.-'�' by (40)andconditionsd.,e.0 »ôÓ%Dð »å »ôÓ%Dð »å ù('�' by Def. 6, definitionof ��+�)��6.0 »ôzñÊèÄò3%Dð9) »ôzñÊè�ò3%DðU)�ù�'�' because»å 0�ñÊèÄò by (41)0ÇñÊû"ül% »ôEðU)�ñÊè�ò3%Dð9)Qù('�'I) because»ô is strongnegationby b.

i.e. ��%�: ¤ '(%	��+�)���+ »46�6./'�0�ñ«û"ül% »ô¾ðU)�ñ£èÄò,%DðU)�ù�'�'I¦ (44)

Becauseð9)Qù^� J
werechosenarbitrarily, weconcludefrom (43), (44)andtheassumed

strongconservativity of ��%�:G¤S' , i.e. ��%�:G¤S'(%	��+�)��«.-'�0§��%�:t¤S'(%	��+�)���+ »4Ù�6.-' , that in
fact ñ«û"ül% »ô¾ðU)Qù('!0�ñ«û ül% »ôEðU)�ñÊèÄò,%DðU)�ù�'�'U) (45)

for all ðU)Qù^� J
. Because»ô is astrongnegationby conditionb. of thetheorem,weknow

that thereexists an equilibrium point ýÇ�ã%D�Y)-Û ' suchthat »ôÊý�0�ý , see[15, Th-3.4,
p.58]. Now let ý�þ�ðBþÿù . Then »ôÊý60Åý�� »ô¾ð , i.e. »ôEð6þ�ý�þ�ðBþÿù andhenceñÊû"ül% »ôEðU)�ù�'�0§ùñÊû"ül% »ôEðU)�ñÊè�ò3%Dð9)Qù('�'�0Çð��0§ù,)
whichcontradicts(45). Weconcludethattheassumptionthat � stronglypreservescon-
servativity is false.
14 because�� is a strongnegationby conditionb. of the theorem,it coincideswith the standard

negation � on � q V }�� -valuedarguments.
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