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Abstract Many applicationse.g.in approximateeasoningdatasummarisation,
informationretrieval etc.canprofit from the useof fuzzyquantifies lik e “almost
all” or “many”, which provide flexible meansof information aggr@ation, and
are capableof extracting meaningfullinguistic summariedrom large amounts
of raw data.However, aswill be shovn by a numberof counter@amples exist-
ing approachesail to provide a corvincing interpretatiorof fuzzy quantifiersin
theimportantcaseof two-placequantification(e.g.“abouthalf of theblondesare
tall”). The interpretationof fuzzy quantifiersshouldhencebe basedon a solid
axiomaticfoundationin orderto guaranteegredictableand linguistically well-
motivatedresults.In the report,an independenaxiom systemfor “reasonable”
approacheto fuzzy quantificationis introduced thatareconsistentith the use
of quantifiersn NL. A numberof linguistic adequayg criteriaareformalizedand
it is showvn thatevery modelof the axiom systemexhibits theseessentiaproper
ties. However, someprincipledadequag boundsfor approacheso fuzzy quan-
tification arealsoestablishedywhich in mostcasesesultfrom theknown conflict
betweenidempotence/distriltivity andthe law of contradictionin the presence
of fuzziness.In addition, a broadclassof modelsof the axiomaticframevork
is introduced.One of thesemodels,which generaliseshe Sugenaintegral (and
hencethe FG-countapproachtanbe shavn to possessiniqueadequag prop-
erties.Its analysisunvealsthefirst definition of fuzzy cardinalitywhich achiezes
adequateesultswith arbitraryquantitatve one-placequantifierslt is alsoshavn
how the Choquetintegral (andhencethe OWA approachxanbe generalizedo
a modelof the axiomaticframework. The resultingmodelsnot only represent
significanttheoreticabdvancein fuzzy quantificationthey arealsopractical .Ef-
ficient histogram-basedlgorithmsfor evaluatingthe resultingfuzzy quantifiers
aredescribedat theendof thereport?

1 Intr oduction

NaturallanguaggNL) quantifiersandin particulartheir approximatevariety (“almost
all’, “a few” etc.), provide flexible meansfor expressingaccumulatie propertiesof
collections.They canevendescribeglobal (e.g.,quantitatve) aspectf relationships
betweerindividuals(likein “mostblondesaretall”, which summarisetherelationship
betweert'blonde” and“tall” people).In addition,aggreationalmodesof temporalor
localdescriptiorsuchas“almostalways”, “everywhere"arenaturallymodelledthrough
quantification Becauseof their suitability to describea view of the phenomenoras a
whole the modellingof NL quantifiersis oneof the enablingtechniquedor intelligent
multi-criteriadecisionmaking[26], datasummarisatiotf20], informationretrieval [4],
fuzzy databasefl4] and otherapplicationswhich might profit from naturallanguage
technology

Following Zadeh[31,32], fuzzy settheoryattemptso modelNL quantifiersby opera-
tors calledfuzzyquantifies. We candiscernthe following mainissuesin fuzzy quan-
tification:

! The proofs of all theoremscited in this work have beenpresentedn a sequencef reports
[11,9,10].



— Interpretation:thedevelopmeniof methodgor evaluatingquantifyingexpressions
which capturethe meaningof naturallanguageguantifierse.g.[32,18,26,2911];

— Summarisationthe developmentof processesor constructingquantifying state-
ments(“linguistic summaries”)which succintlydescribea collectionof obsena-
tions and/orrelationshipsbetweena large numberof obsenations (find domain
conceptsX andY andaquantifier@ suchthat“@ X'sareY’s” istrue),e.g.[20];

— ReasoningThe developmentof methodswhich deducefurtherknowledgefrom a
setof rulesand/orfactsinvolving fuzzy quantifierse.g.[33].

In the following, we shall focus on the interpretationtask. This seemgo be method-
ically preferablebecauséboth a corvincing summarisatiorand appropriaterules for
approximateaeasoningcanonly be establishe@dncethe semanticof fuzzy quantifiers
arebetterunderstood.

2 Existing approachesto fuzzy quantification

Severalclasse®f operatorhiave beenproposedisproperlyrepresentinghephenomenon
of approximateor fuzzy NL quantification(a surey is providedin [16]), but thereis
no consensusaboutthe properchoice,andnoteson implausiblebehaior of theseap-
proachesarescatteredvertheliterature[18,19,28,11. In particular it hasbeenshovn

in [12] thatnoneof theseapproachegprovidesacceptableesultsin theimportantcase
of two-placequantificationj.e. quantificationrestrictedby afuzzy predicateasin “al-
mostall blondesare lucky”. In the following, we shall briefly review someof these
countergampleswhich enforcedour decisionto abandortheseapproachesandto de-
velopafundamentallydifferentapproacho fuzzy quantificatior?

Let us firstly considerthe X-countapproach32]. This approachis known to accu-
mulate“small” membershigradesin anundesirablevay. In the situationdepictedin
Fig.1, for example,all of SouthernGermary is 10% cloudy, andthe condition“about
ten percentof SouthernGermaiy arecloudy” is henceconsideredully trueby the X-
countapproach. This is clearly implausible(to seethis, considerthe questionwhich
10 percentarecloudy). In addition,the X’-countapproachproducediscontinuousp-
eratorsin the caseof two-valuedquantifierslike “more than30 percent”.This is inac-
ceptablan practicalapplicationshecaus¢hereis almostalwayssomeamountof noise,
which can have drasticeffects on the quantificationresultsof the X'-countapproach.
Becausgheseeffectsalsooccurin the simplecaseof one-placequantificationwe shall
not considerthe X’-countapproacturther

Yager[26,27] proposesanapproacho fuzzy quantificationbasedon orderedweighted
averaging(OWA) operatorsTheseperformwell in the caseof one-placequantification

2 The exactformulasandquantifiersusedin thesecounter@amplesareexplainedin [12].

% In the image“SouthernGermayf, pixels which fully belongto SouthernGermary are de-
pictedwhite. In thecloudinessmage,pixelsclassifiedascloudy depictedwhite. The contours
of German, split in southernjntermediateand northernpart, have beenaddedto facilitate
interpretation.



SouthernGerman (a) SC:1 (OK) (b) SC:1 (implausible)

Figurel.About 10 percentof SouthernGermary arecloudy (SC:resultsof X-countapproach)

with monotonicquantifiers.However, the formula for two-place quantificationwith
OWA operatorg(proposedn [26, p.190]) exhibits unacceptabldehaiour. It canbe
proventhatfrom alinguistic standpointthe only quantifiersvhichit modelsadequately
arethe existentialanduniversalquantifier see[12]. To provide anexample,theresults
of the OWA-approachin Fig.2 reveal a undesirabledlependeng on cloudinesgyrades
in regionslil andlV, which do notbelongto SouthernGermaiy atall.

SouthernGerman (a)desired:1, OWA: 0.1 (b) desired0, OWA: 0.6

Figure2.At least60 percentof SouthernGermary arecloudy (OWA-approach)

The FG-countapproach[32,25] utilizes a fuzzy measureof the cardinality of fuzzy

setsto evaluatefuzzy quantifiers.This basic approachis well-behaed in the case
of one-placequantifiers.Yager[27, p.72] proposesa weighting formula, which pro-

videsa definitionof two-placequantificationin conformancevith the FG-countframe-
work. Again, it is this formula for two-placequantificationwhich yields implausible
results.Considerthe situation depictedin Fig.3. Thereare no cloudsat all in (the
supportof) SouthernGermanl, hencewe expectthat “at least5% of SouthernGer

mary arecloudy” is false.Theresultof Yagers formula, however, is 0.55. The exam-
ple alsodemonstratethat the resultingoperatorscanbe discontinuousif we replace
SouthernGermanl with theslightly differentSouthernGerman2, theresultjumpsto

0.95, althoughtherearestill no cloudsin theregion of interest.



(a) SouthernGermanl (b) SouthernGerman2 (c) cloudy
Resultfor SouthernGermanl: 0.55
Resultfor SouthernGermagn2: 0.95
Desiredresult: 0

Figure3.At least5 percentof SouthernGermary arecloudy (FG-countapproach)

RalescU18] hasproposedheuseof theFE-count for purpose®f fuzzy quantification.
Now considerFig. 4, which illustratesa seriousdravbackof the FE-countapproach.
The computed'nonemptinesgrade”of 1 in case(a) is adequatdecausda) is a crisp

nonemptyregion. The fuzzy imageregion in (b) is certainly fully nonemptyto a de-

greeof one,too, becausét containghe crispnonemptyimageregion (a). Theresultof

the FE-countapproachhowever, is 0.5. The FE-countapproacthenceproducesoun-
terintuitive resultsevenin the simple caseof absoluteone-placeguantificationwith a

monotonicquantifier

(a)desired, FE: 1 (b) desiredl1, FE: 0.5

Figure4.Theimageregion X is nonempty(FE-countapproach)

The above examplesclearly shov the dravbacksof existing approachesvith respect
to linguistic adequag. In particular the formulasproposedor the importantcaseof
two-placequantificationapparentlyfail to graspthe intuitive meaningof NL quanti-
fiers. In the following, we shall presenta theory of fuzzy quantificationbuilt on an
axiomaticfoundation We will formalizeanumberof linguisticadequag conditionson
approacheto fuzzy quantificationandshow thatthe axiomsof our theoryincorporate

4 the FE-countis a fuzzy measuref the cardinalityof fuzzy sets cf. [32]



(or entail)the essentiatonditions A modelof theseaxioms,calleda DFS (Determiner
FuzzificationScheme)is henceimmuneagginstthe pitfalls of existing approaches.

3 The axiomatic framework of DFStheory

Becausef theinadequatdehaiour of all existing approaches the caseof two-place
guantificationwe have decidedo abandorboththeirrepresentationf fuzzy quantifiers
by fuzzy numbers,and the idea of solving the problemsof fuzzy quantificationby
introducingan appropriatemeasurdor the cardinality of fuzzy sets® Instead we will
assumeheframeavork providedby thecurrentlinguistictheoryof NL quantifcationthe
theoryof generalizedjuantifier TGQ[1,2]), whichhasbeendevelopedndependently
of the treatmentof fuzzy quantifiersin fuzzy settheory and providesa conceptually
ratherdifferent view of naturallanguagequantifiers.We shall introducetwo-valued
quantifiersin concordancevith TGQ:

Definition 1. Ann-ary generalizedjuantifieron a basesetE # @ is a mappingQ@ :
PE)" — 2={0,1}.

A two-valuedquantifierhenceassigngo eachn-tuple of crisp subsetsXy, ..., X,, €
P(E) atwo-valuedquantificationresultQ(X1, ..., X,) € 2. Well-knowvn examples
are

Ve(X)=1X=F

IEX)=1eX 40

allg(X1, Xo) =1 X; C X,

someg (X1, Xo) =1 X1NXs #90
atleastkg(X;, Xo)=1& | X1 NXy| > k.

Wheneer the basesetis clearfrom the context, we drop the subscriptE; |e| denotes
cardinality For finite E/, we candefineproportionalquantifierdike

[rate > T](Xl,Xz) =1& |X1 ﬂX2| > T'|X1|
[rate > ’I"](Xl,XQ) =1& |X1 ﬂX2| >r |X1|

forr € I, X1, X, € P(E). For example,“at least30 percentof the X'sareY’s” can
beexpressedas[rate > 0.3](X,Y"), while [rate > 0.4] is suitedto model“more than
40 percent”.By the scopeof an NL quantifierwe denotethe argumentoccupiedby
theverbalphrasge.g.“sleep”in “all mensleep”);by corvention,the scopeis thelast
argumentof a quantifier The first agumentof a two-placequantifieris its restriction
The two-placeuseof a two-placequantifier like in “most X’s areY’s” is called its
restricteduse while its one-placeuse(relative to the whole domain E, like in “most

5 As we shallseelater, it is possibleto recover the cardinality-basedpproacho fuzzy quantifi-
cationin the caseof quantitatve one-placeguantifiers see(Th-60).



element®of thedomainareY ™) isits unrestricteduse For example theunrestrictedise
ofall : P(E)> — 2 is modelledby V : P(E) — 2, whichhasV(X) = all(E, X).
TGQ hasclassifiedthe wealth of quantificationalphenomenan naturallanguagesn
orderto unveil universalpropertiessharedby quantifiersin all naturallanguagesor
to singleout classef quantifierswith specificpropertieswe shall describesomeof
thesepropertiesbelown). However, anextensionto the continuous-aluedcase,n order
to bettercapturehemeaningof approximatejuantifierdik e “many” or “aboutten”, has
not beenanissuefor TGQ. In addition, TGQ hasignoredthe problemof providing a
convincinginterpretatiorfor quantifyingstatementg thepresencef fuzzinessj.e. in
the frequentcasethat the algumentsof the quantifierare occupiedby conceptdike
“tall” or “cloudy” which do not possessharplydefinedboundaries.

Hencelet usintroducethe fuzzy framewvork. Supposer is a givenset.A fuzzy subset
X € P(F) of asetE assigndo eache € E amembershiglegreeux(e) € I = [0,1];
we denoteby P(E) thesetof all fuzzy subsetgfuzzy powerset)of E.

Definition 2. An n-ary fuzzy quantifierQ on a baseset E # @ is a mappingQ :
P(E) — Iwhichtoeadhn-tupleoffuzzysubsetsXy,..., X, of E assignsaagradual
resultQ(Xy,...,X,) € L

An exampleis somg X, X5) = sup{min(ux, (€),ux,(e)) : e € E}, forall X €
73(E). How canwe justify that this operatoris a good model of the NL quantifier
“some”?How canwe describecharacteristicef fuzzy quantifiersandhow canwe lo-
catea fuzzy quantifierbasedon a descriptionof desiredpropertiesuzzy quantifiers
arepossiblytoo rich a setof operatorgo investigate this questiondirectly. Few intu-
itions applyto thebehaiour of quantifieran the casethattheargumentsarefuzzy, and
thefamiliarconcepbf cardinality of crispsetswhichmalesit easyto definequantifiers
oncrispargumentsjs no longeravailable.

We thereforehave to introducesomekind of simplifieddescriptionof the essentiahs-
pectsof afuzzy quantifier In orderto complywith linguistic theory this representation
shouldberich enoughto embedall two-valuedquantifiersof TGQ.

Definition 3. An n-ary semi-fuzzyquantifieron a basesetE # @ is a mappingQ@ :
P(E)" — T which to ead n-tuple of crisp subsetof E assignsa gradual result
Q(Xl, ce 7Xn) el

Semi-fuzzyquantifiersare half-way betweentwo-valuedquantifiersand fuzzy quan-
tifiers becausehey have crisp input and fuzzy (gradual)output. In particular every
two-valuedquantifierof TGQ is a semi-fuzzyquantifierby definition. To provide an

8 This definitioncloselyresemblegadehs [33, pp.756]alternatie view of fuzzy quantifiersas
fuzzy second-ordepredicatesbut modelstheseasmappingsn orderto simplify notation.In
addition,we permitfor arbitraryn € N.



example,a possibledefinition of the semi-fuzzyquantifieralmostall :73(E)2 — Iis

Xan%l) . 2o

almostall(X1, X3) = {{almOSt o 1l else @

where famost ann(2) = S(z,0.7,0.9), using Zadehs S-function (seeFig. 5). Unlike

Figure5.A possibledefinitionof faimost an

the representationshosenby existing approacheso fuzzy quantification semi-fuzzy
quantifierscanexpressgenuinemultiplacequantification(arbitraryn); they arenotre-

strictedto the absoluteand proportionaltypes;they are not necessarilyquantitative

(in the senseof automorphism-ivariance);andthereis no a priori restrictionto finite

domains.Comparedto fuzzy quantifiers,the main benefitof introducingsemi-fuzzy
quantifiersis conceptuakimplicity dueto therestrictionto crisp argumentsets,which

usually makesit easyto understandhe input-outputbehaior of a semi-fuzzyquan-
tifier. Most importantly we have the familiar conceptof crisp cardinality available,
which is of invaluablehelp in definingthe quantifiersof interest.Being half-way be-
tweentwo-valuedgeneralizedjuantifiersandfuzzy quantifiers semi-fuzzyquantifiers
donotaccepfuzzyinput,andwe have to make useof afuzzificationmechanismwhich

transportgheseto fuzzy quantifiers.

Definition 4. A quantifierfuzzificationmechanisny assigngo eac semi-fuzzyguan-
tifier Q : P(E)" — I a correspondinduzzyquantifier 7(Q) : P(E)n — I ofthe
samearity n andonthe samebasesetFE.

By viewing approacheso fuzzy quantificationasinstancef quantifierfuzzification
mechanism$QFM), we areableto explorethelinguistic adequayg of theseapproaches
by investigatingpreserationandhomomaorphisnpropertieof thecorrespondinduzzi-
fication mappings[11,12,9]. To this end, we first needto introduceseveral concepts
relatedto (semi-)fuzzy quantifiers.



Definition 5. Suppose&) : P(E)" —» I is afuzzyquantifier Byu(Q) : P(E)" — 1
wedenotethe underlyingsemi-fuzzyquantifier viz.

UQ)(Y1,...,Y,) =Q(11,...,Yy) )

for all crispsubsetds,...,Y, € P(E).

Every reasonableQFM F should correctly generalisethe semi-fuzzy quantifiersto
whichit is applied,i.e.for all Q : P(E)" — I, we shouldhave

FR)M,..,Ya) = Q... Ya) (3)

for all crispamgumentsy, ..., Y, € P(E), orequivalently:U (F(Q)) = Q.

Let usnow considera specialcaseof quantifierscalledprojectionquantifiers Suppose
E isasetof personandJohne E. We canthenexpresshemembershigssessmefilts
Johncontainedn Y'?", whereY is acrispsubse®y” € P(E), by computingyy (Johr),
whereyy : P(E) — Iis thecharacteristiéunction

we={o §c5y @

forallY € P(E), e € E. Similarly, we canevaluatethefuzzy membershi@mssessment
“To which gradeis Johncontainedin X", where X € 73(E) is a fuzzy subsetof
E, by computingu.x (Johr). Abstractingfrom algumentsets,we obtainthe following
definitionsof projectionquantifiers:

Definition 6. SupposeFl # @ is givenand e € E. The projectionquantifierm, :
P(E) — 2isdefinedby 7. (Y) = xy(e), forall Y € P(E).

Similarly, the fuzzy projectionquantifier®, : P(E) —» I is definedby 7.(X) =
ux(e), forall X € P(E).

It is apparenfrom the relationshipof thesequantifierswith crisp/ fuzzy membership
assessmentbatT, is theproperfuzzy counterparof r.., andwe shouldhave F(r.) =
T in everyreasonabl@FM. Hencefor thecrispsubsemarried € P(E),

. 1 : Johne& married
Tohn(Married) = 0 olse

and we should also have that F(mjonn ) (lUCKy) = Tonn(lUCKY) = pjycky(Johr),
wherelucky € 73(E) is thefuzzy subsedf lucky people.

We expectthat our framewvork not only providesan interpretationfor quantifiers but
alsofor the propositionalpart of the logic. We thereforeneedto associate suitable
choiceof fuzzy conjunction fuzzy disjunctionetc. with a given QFM F. By a canon-
ical constructionwhich we describenow, F inducesa uniquefuzzy operatorfor each
of the propositionalconnectves. As the startingpoint for the constructionof induced



connectves,let usobsere that2™ = P({1, ..., n}), usingthebijectiony : 2" —
P{1, ..., n}) definedby n(z1,...,2,) = {k € {1, ..., n} : 2 = 1}, for all

z1,...,Z, € 2. An analogousconstructionis possiblein the fuzzy case wherewe
haveI™ = P({1, ..., n}), usingthebijectiony : I" — P({1, ..., n}) definedby
Mii(zy,...zn) (k) = zp forallzy, ..., z, € Tandk € {1, ..., n}.

Definition 7 (Induced fuzzy truth functions).
SupposeF is a QFM and f is a semi-fuzzyruth function(i.e. amappingf : 2" — I)

of arity n > 0. Thesemi-fuzzyjuantifierQ; : P({1, ..., n}) — I isdefinedoy
Qs(X) = f(n (X))

for all X € P({1, ..., n}). Theinducedfuzzytruth function F(f) : I" — Tis

definedby

Ff) (@1, 2n) = FQp) 721, .., Tn)),

forall z1,...,z, € LIf f : I - 1Iisa nullary semi-fuzzytruth function (i.e.,
a constant),we shall defineF(f) : 2° — I by F(f)(@) = F(c)(2), whee ¢ :
P({2})° —s Iistheconstant(@) = f(2).

Wheneer F is understoodrom contet, we shallabbr@iatef(f) asf. By pointwise
applicationof theinducednegation= = ~7'5'(—-), conjunctionA = ff(/\), anddisjunction
V= f(\/), F alsoinducesa uniquechoiceof fuzzy complements, fuzzy intersection
N, andfuzzy unionU. In thefollowing, wewill assumehatanarbitrarybut fixedchoice
of theseconnectesis given.

Definition 8. Suppose semi-fuzzyjuantifier@ : P(E)" — Iis given.Theexternal
negation=Q : P(E)" — I andtheantorym Q- : P(E)" — I are definedby

GR)(Xy,-., Xn) = 3(Q(X1, ..., X)) (5)
Q_'(Xl,---aXn):Q(Xla---aanla_'Xn) n>0 (6)

forall Xq,...,X, € P(E), whee—-X, denotescomplementatiorBythedualQEI :
P(E)" — I of @ wedenoteQ] = =Q—, n > 0. Thedefinitionsof negation = Q,
antonym@= anddual QI of a fuzzyquantifierare analogous.

For example,lessthan n is the negation of at leastn, no is the antorym of all, and
someis thedualof all. It is straightforvard to requirethata QFM be compatiblewith

’ The specialtreatmenbf nullary semi-fuzzytruth functionsis necessarypecausén this case,
we would have Q¢ : P(@) — I, which doesnot conformto our definition of semi-fuzzy
guantifiersandfuzzy quantifiersbasedon nonemptybase-setsRatherthanadaptingthe defi-
nition of semi-fuzzyandfuzzy quantifiersin sucha way asto allow for emptybasesets,and
hencecover Qy for nullary £, too, we preferto treatthe caseof nullary truth functionsby a
differentconstructionse€9].



theseconstructionsi.e. we desirethat F(lessthan n) bethe negationof F(at leastn),
F(no) bethe antorym of F(all), and F(somg be the dual of F(all). We hencesay
that F preseresnegation,antorymy, anddualisationf F(—-Q) = -F(Q), F(Q-) =

F(Q)~ andf(Qﬁ) = f(Q)E], resp.

Definition 9. Suppos&) : P(E)" — 1 is a semi-fuzzyuantifierof arity n > 0. The

semi-fuzzyguantifierQu €: P(E)”“ — Tis definedby
QU(X1, ..., Xnt1)
= Q(Xla ey Xn—la Xn U Xn-l—l) 3
forall X, ..., Xn41 € P(E). In thecaseof fuzzyquantifies, QU : ﬁ(E)n+1 —1

is definedanalagously

In orderto allow for a compositionalinterpretationof compositequantifierslike “all
X'sareY'sor Z's", we requirethata QFM F be compatiblewith unionsof the ar
gumentsets.For example,the semi-fuzzyquantifierallu, which hasallu(X,Y, Z) =
all(X,Y u Z) for crisp X, Y, Z € P(E), shouldbe mappedto F(all)y, i.e. for all
fuzzy subsetsX, Y, Z € P(E), F(allu)(X,Y, Z) = F(all)(X,Y U Z).

Definition 10. A semi-fuzzyuantifier@ : P(E)" — I is saidto be nonincreasingn

its ¢-th argument(; € {1, ..., n}, n > 0) iff forall X3, ..., X,,, X] € P(FE) such
that X; C X,
Q(Xla" '7Xn) > Q(Xla R Xifla Xz{a Xz'+1a ey Xn) .

Nondeceasingmonotonicityof @ is definedby changing‘>’ to ‘<’ in the abovein-
equation.On fuzzyquantifies @ : P(E) — I, weusean analag definition,where
X1, ..., Xpn, X] € P(E),and"“ C”" isthefuzzyinclusionrelation.

For example,all is nonincreasingn thefirstandnondecreasini thesecondargument.
most is nondecreasingn its secondargument,etc. It is naturalto requirethat mono-
tonicity propertiesof a quantifierin its agumentsbe preseredwhenapplyinga QFM
F. For example,we expectthat F(all) is nonincreasingn thefirst andnondecreasing
in thesecondargument.

Every mappingf : E —s E' uniquelydeterminesa powersetfunction f : P(E) —
P(E'), which is definedby f(X) = {f(e) : e € X}, forall X € P(E). Theun-
derlying mechanismwhich transportsf to f canbe generalizedo the caseof fuzzy
sets.

Definition 11 (Induced extensionprinciple).
SupposeF is a QFM. F inducesan extenS|orpr|nC|pIefWh|d1 toeah f: E — E'
(whee E, E' #+ @) as&gnsthemappmg]—'(f) P(E) — P(E’) definedby

/Jﬁ(f)(X)(e )= f(Xf(.)(e N(X) s

forall X € P(E), ¢ € E'.

10



The standad extensionprinciple (;) is definedby p- (e') = sup{ux(e) : e €
(N(X)

f=1(e"}, cf. [30]. Now suppos&R : P(E)" — T andfi,...,f, : B/ — E are

given(E’ # &). We candefinea semi-fuzzyquantifier

@ =Qo LR Pw) 1
Q' (Y1,...,Y) = QY1) .., Fa(Ya)),

for vi,...,Y, € P(E'). We canalsoconstructa fuzzy quantifierQ’ : P(E')" — I
by

Q' =F(Qe x F(f): P(EV —1L,

Q'(X1,..., Xn) = FQ)(F(f1) (Y1), ..., F(fa) (Xn)),

forall Xq,...,X, € 75(E). It is naturalto requirethata QFM F be compatiblewith
its inducedextensionprinciple,i.e. F(Q') = @', or equivalently

FQo x ) =F(@) o x F(fy). ™

Equation(7) henceestablishes relationbetweerpowersetfunctionsandthe induced
extensionprinciple F. It is of particularimportancdo DFStheorybecausé is theonly
axiomwhich relatesthe behaiour of F ondifferentdomainsE, E’.

The following definition of the DFS axiomssummarise®ur above consideration®n
reasonabl€FMs.

Definition 12 (DFS: Determiner Fuzzification Scheme).
A QFM F is called a determinerfuzzificationschemgDFS) iff the following axioms
are satisfiedfor every semi-fuzzyjuantifierQ : P(E)" — I

Correctgenealisation UFQ)=Q ifn<1 (Z-1)
Projectionquantifies F(Q) =7, Iftherexistse € E s.th.Q = 7,
(Z-2)
Dualisation FQD)=F@QO n>0 (2-3)
Internal joins F(QU)=F(QU n>0 (Z-4)
Preservatiorof monotonicity @ noninc.in n-th arg = F(Q) noninc.in n-tharg, n > 0
(Z-5)
Functionalapplication F(Qo X ﬁ») =F(Q)o X f(f,-) (Z-6)
=1 =1
whee fi, ..., fo: E' — E,E' #+ @.

As hasbeenshown in [9], theaxioms(Z-1) to (Z-6) form anindependenaxiomset.

11



4 Propertiesof DFSes

4.1 Correctgeneralisation

Let usfirstly establishthat F(Q) coincideswith the original semi-fuzzyquantifier@
whenall agumentsarecrispsets,i.e. that F(Q) consistentlyextendsQ.

Theorem 1. SupposeF isa DFSandQ : P(E)" — Iis ann-ary semi-fuzzguan-
tifier. Thenl{ (F(Q)) = Q, i.e. for all crispsubsetdi,...,Y, € P(E),

FQ)(Y1,...,Yn) =Q(Y1,...,Yn).

For example,if E is asetof personsandwomen, married € P(E) arethecrispsets
of “women”and“marriedpersons’in E, then

F(somég(women, married) = somgwomen married),

i.e.the“fuzzy some”obtainedby applyingF coincideswith the(original) “crisp some”
wheneerthelatteris definedwhichis of coursehighly desirable.

4.2 Propertiesof the inducedtruth functions

Let us now turn to the fuzzy truth functionsinducedby a DFS. As for negation, the
standardchoicein fuzzy logic is certainly— : I — 1, definedby ~z = 1 — z for
all z € 1. The essentiapropertiesof this and otherreasonabl@&egation operatorsare
captureddy thefollowing definition.

Definition 13. = : I — I is calleda strongnegationoperatoriff it satisfies

a. =0 =1 (boundarycondition)

b. Sxz; > Sz, forall z1, zo € Isudthatz; < z3 (i.e. = is monotonicallydecreas-
ing)

€. = o= =idjg (i.e. = isinvolutive).

With conjunction thereare several commonchoicesin fuzzy logic (althoughthe stan-
dardis certainly A = min). All of thesebelongto the classof ¢-norms,which seems
to capturewhat onewould expectof a reasonableonjunctionoperator The dual con-

ceptof t-normis thatof an s-norm, which expressedhe essentiapropertiesof fuzzy

disjunctionoperatorgcf. Schweizei& Sklar[21]).

Theorem?2. In everyDFS F,

f(idQ) = idy is theidentity truth function;

a.
b. = = F(-) is a strongnegation opemtor;
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c. A= F(A)isat-norm;
d. z1 Vo = 5(5 21 ASz2), i.e. Visthedual s-normof A under=,
e I :)/ZL'Q = ;(151 V o

The fuzzy disjunctioninducedby F is thereforedefinablein termsof A and=, and
the fuzzy implication inducedby F is definablein termsof V and= (andhencealso
in termsof A and=). A similar point can be madeaboutall othertwo-placelogical
connectvesexceptfor antivalencexor and equivalence« (seeremarkson p.23 and
p.24).

4.3 Presewation of argumentstructur e

We shall now discusshomomaorphisnpropertiesof DFSeswith respecto operations
ontheamumentsets.

Definition 14 (Argumenttranspositions).
Suppose : P(E)" — 1is a semi-fuzzyguantifiern > 0 andi € {0,...,n}. By
Qr; : P(E)" — I wedenotethe semi-fuzzyuantifierdefinecby

QTi( X1, ., Xn) = Q(X1, -ovy Xi1, Xoy Xig1y -y Xpo1, Xi),

for all (X1,...,X,) € P(E)". In the caseof fuzzyquantifies Q : 73(E)n — I, we
defineQr; : P(E)n — T analagously

Theorem 3. EveryDFS F is compatiblewith argumenttranspositionsi.e. whene&er
Q:P(E)" — Iandi€ {1,...,n} aregiventhenF(Qr;) = F(Q);.

Becauseevery permutationcan be expressedas a sequencef transpositions(Th-3)
ensureghat F commuteswith arbitrarypermutation®f the agumentsof a quantifier
In particular it guaranteeshat symmetrypropertiesof a quantifier@ carry over to
its fuzzifiedanalogonF(Q). HenceF(somé(rich, young) = F(some(young, rich),
i.e. the meaningof “somerich peopleareyoung” and“someyoung peoplearerich”
coincide.

Theorem4. EveryDFSF is compatiblewith theformationof antonymsi.e. wheneer
Q : P(E)" — Iis asemi-fuzzguantifierof arity n > 0, thenF(Q-) = F(Q)=.

Thetheoremguarantees.g.that F(all)(rich, = lucky) = F(no)(rich, lucky). Let us
notethatby (Th-3),thetheoremgeneralise$o arbitraryargumentpositions.

Theorem5. EveryDFSF is compatiblewith the nggationof quantifies, i.e. wheneer
Q : P(E)" — Tis asemi-fuzzyuantifie; thenF (= Q) = = F(Q).

HenceF(at most 10)(young, rich) = = F(more than 10)(young, rich).

13



Definition 15 (Inter nal meets).
Suppose) : P(E)" — Iis a semi-fuzzyuantifiern > 0. Thesemi-fuzzguantifier
QN : P(E)"™ — Iis definecby

Qm(Xla et XTH—I) = Q(Xh RS Xn—la Xn an—i—l)a

forall (X1, ..., Xp41) € P(E)"™. In thecaseof a fuzzyquantifies Q : 73(E)n —
IO : P(E)"T — Iis definecanalagously

Theorem 6. EveryDFS F is compatiblewith theintersectionof argumentsi.e. when-
everQ : P(E)" — ILisasemi-fuzzguantifierofarity n > 0, thenF(QN) = F(Q)N.

For example, F(some = F(3)N, becausehe two-placequantifiersomecan be ex-
pressecassome= IN. Let usalsoremarkthatby (Th-3), this propertygeneralise$o
intersectionsn arbitraryargumentpositions.

Definition 16. SupposeF is someQFM. We saythat F is compatiblewith cylindri-
cal extensionsiff the following condition holds for every semi-fuzzyquantifier @ :
P(E)" — I Wheneern' € N, n' > n; iy,...,i, € {1,...,n'} sud that1 <
i <ig<---<ip, <n,andQ’: ’P(E)"' — T is definedby

QY1 Vo) = Q(Yiy, -, Vi)
forall Y,...,Y, € P(E), then
F(Q) (X1, .., X)) = F(Q) Xy, X))
forall Xi,...,X, € P(E).

This property of being compatiblewith cylindrical extensionsis very fundamental.
It simply statesthat vacuousargumentpositionsof a quantifier can be eliminated.
For example,if Q' : P(E)* — I is a semi-fuzzyquantifierandif thereexists a
semi-fuzzyquantifier@ : P(E) — I suchthatQ’(Y1,Y>,Y3,Ys) = Q(Y3) for all

Yi,..., Y, € P(E), thenwe know that@’ doesnotreally dependon all agumentsit

is apparenthatthe choiceof Y7, Y, andY, hasno effect on the quantificationresult.
It is hencestraightforvard to requirethat F(Q')(X1, X2, X3, X4) = F(Q)(X3) for

all X3,...,X, € P(E),i.e. F(Q') is alsoindependenof X;, Xs, X4, andit canbe
computedrom F(Q).

Theorem7. EveryDFSF is compatiblewith cylindrical extensions.

Letusnow introduceanothewery fundamentahdequag conditionon QFMs. Suppose
X € P(E) is afuzzy subsetThe supportspaX) € P(E) andthecore, corg X) €
P(E) aredefinedby
SPHX) ={e € E: ux(e) > 0} (8)
corgX)={ec E:pux(e) =1}. 9)
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sppX) containsall elementsvhich potentiallybelongto X andcorg X) containsall
elementswhich fully belongto X. The interpretationof a fuzzy subsetX is hence
ambiguouonly with respecto crispsubsetd” in the context range

cext(X) ={Y e P(E):cordX) CY CspaY)}. (10)

For example let E = {a, b, c} andsupposeX € P(E) is thefuzzy subset

1. a—¢ (11)
L

1 : z=ao0rz=0b
pnx(e) =

The correspondingontect rangeis

cxt(X) ={Y : {a,b} CY C{a,b,c}} = {{a,b},{a,b,c}}.
Now letusconsided : P(E) — 2. Becausél({a,b}) = 3({a,b,c}) =1,3(Y) =1
for all crispsubsetsn thecontext of X. We henceexpectthatF(3)(X) = 1: regardless

of whetherwe assumehate € X orc ¢ X, thequantificatiorresultis alwaysequalto
one.

Definition 17. AssumehatQ,Q’ : P(E)" — I andX;,..., X, € P(E) aregiven.
We saythat Q and Q' are contetually equalrelativeto (X3,..., X,), in symbols:

Q ~(x,,...x,) Q' if andonlyif Q|extx,)x...xext(x,) = Q'lext(xy)x--xCXt(x,)» I-€
QY,...,.Y,) =Q'(Y1,...,Y,) forall Y € cxt(X1),...,Y, € oxt(X,,).

It is apparenthatfor eachF # @, n € NandX;,..., X, € 75(E), ~(X1,..,.X,) IS AN
equivalencerelationon the setof all semi-fuzzyquantifiersQ : P(E)" — 1.

Definition 18. A QFM F is saidto be contetual iff for all Q, Q' : P(E)" — I and
everychoiceof fuzzyargumentetsXy,..., X, € P(E):

QN(Xl,...,Xn) QI = f(Q)(Xl,aXn) :f(QI)(Xl,“'aXn)-

As illustratedby our motivatingexample,it is highly desirablehata QFM satisfieghis
very elementaryandfundamentahdequag condition.

Theorem 8. EveryDFSF is contetual.

Definition 19 (Argumentinsertion).
Suppos&R : P(E)" — 1 is a semi-fuzzyquantifiern > 0, and A € P(E). By
Q<A : P(E)" ' — I wedenotethe semi-fuzzyjuantifierdefinecby

Q<1A(X1, ceey anl) = Q(X]_, ceny anl,A)

forall X1, ..., Xp—1 € P(E). (Analagousdefinitionof Q<A for fuzzyquantifies).
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Theorem9. SupposeF is a contextual QFM which is compatiblewith cylindrical ex-
tensions.Then F is compatiblewith argumentinsertions,i.e. F(Q<A) = F(Q)<A
for all semi-fuzzyuantifies @ : P(E)" — I of arity n > 0 andall crisp subsets
A € P(E). In particular, every DFSis compatiblewith argumentinsertions.
(Proof:A.1, p.47+)

The main applicationof argumentinsertionis that of modelling adjectivalrestriction
by acrispadjective. For example,if married € P(E) is extensionof thecrispadjective
“married”, then@’ = manyr;N<married, i.e.Q'(X,Y) = many(married N X,Y),

modelsthe compositequantifier‘many married X's areY’s”. By the above theorem,
wethenhave F(Q')(rich, lucky) = F(many)(married Nrich, lucky), asdesiredLet
usremarkthatadjectival restrictionwith a fuzzyadjective cannotbe modelleddirectly.

Thisis becauseve cannotinserta fuzzy algumentA into a semi-fuzzyquantifier

4.4 Monotonicity properties

Theorem 10. SupposeF isa DFSand @ : P(E)" — L Then@ is monotonically
nondeceasing(noninceasing)in its i-th argument(i < n) if and only if F(Q) is
monotonicallynondeceasing(nonincreasing)in its i-th argument.

For example,some: 7?(E)2 — 2 is monotonicallynondecreasing botharguments.
By thetheoremthen,F(some : P(E) x P(E) — I is nondecreasinin bothargu-
mentsalso.In particular

F(somé(young-men, very_tall) < F(somg(men, tall),

i.e. “someyoungmenareverytall” entails“somemenaretall”, if young.men C men
andvery_tall C tall.

Let usnow statethatevery DFS preseresmonotonicitypropertieof semi-fuzzyquan-
tifiers evenif thesehold only locally.

Definition 20. Suppose&) : P(E)" — I andU, V € P(E)" are given.\e saythat
Q is locally nondecreasingn therange(U, V) iff for all X4,...,X,,X1,..., X, €
P(E)suhthatlU; C X; C X! CV; (i =1, ..., n), wehaveQ(X1,...,X,) <
Q(X1, ..., X!). We will saythat @ is locally noninceasingin therange (U, V) if
underthe sameconditions,Q( X1, ..., X,) < Q(X], ..., X}). Onfuzzyquantifies,
local monotonicityis definedanalagously but X3, ..., X,,, X1, ..., X/, aretakenfrom
73(E), and‘C’ is thefuzzyinclusionrelation.

Theorem 11. SupposeF is a DFS, Q : P(E)" — I a semi-fuzzyquantifier and
U, V € P(E)". ThenQ is locally nondeceasing(noninceasing)in therange (U, V)
iff F(Q) is locally nondeceasing(noninceasing)in therange (U, V).

DFSescanalsobe shavn to be monotonicin the senseof preservinginequationse-
tweenquantifiersLet usfirstly definea partialorder< on (semi-)fuzzyquantifiers.
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Definition 21. Suppos&), Q' : P(E)" — I are semi-fuzzyjuantifies. Let uswrite
Q < Q' iffforall Xy,...,X, € P(E), Q(X1,...,Xn) <Q'(Xy,...,X,). Onfuzzy
quantifies, wedefine< analagously where X, ..., X,, € P(E).

Theorem 12. SupposeF isa DFSand@, Q' : P(E)" — I are semi-fuzzyjuanti-
fiers. Then@ < Q' if andonlyif F(Q) < F(Q') .

Definition 22. Suppos&);, Q- : P(E)" — I are semi-fuzzyjuantifiesandU, V €
P(E)". WesaythatQ, is (notnecessariltrictly) smallerthan@ in therange (U, V),
in symbols:Q; <y, vy Q2, iff forall X,,..., X, € P(E) sudhthatU; C X; C V1,
U CXp SV,

Ql(Xla-"aXn) S Q2(X17-' 1Xn)

On semi-fuzzyquantifies, we define@: <, vy Q2 analogously but X, ..., X, €
P(E), and‘C’ denoteghefuzzyinclusionrelation.

Every DFS preseresinequationdetweemuantifiersevenif thesehold only locally.
Theorem 13. SupposeF isa DFS,Q1, Q2 : P(E)" — I andU, V € P(E)". Then

Q1 <w,v) Q2= F(Q1) <w,v) F(Q2)-

4.5 Propertiesof the induced extensionprinciple

Theorem 14. SupposeF is a DFSand F the extensionprinciple inducedby F. Then
forall f: E— E',g: E' — E" (Whee E # @, E' + @, E" # 0),

Theinducedextensionprinciplesof all DFSescoincideon injective mappings.

Theorem 15. SupposeF is a DFSand f : E — E' is an injection. Thenfor all
X e P(E),veFE,

-1 : Im
Nf(f)(X)(v):{lOLX(f ) : z;lm;

We shallnow introduceanimportantpropertyof naturallanguageguantifiersknovn as
havingextensionif E C E’ arebasesets theinterpretatiorof the quantifierof interest

in EisQg : P(E)" — 1, andits interpretatiorin E' is Qg : P(E')" — I, then

QE(Xla“',Xn) :QE’(XI,-"aXn), (12)
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forall X;...X, € P(E). For example,supposeF is a setof menandthatmarried,

have_children € P(FE) aresubsetof E. Furthersupposehatwe extend E to alarger
baseset E’ which, in additionto men,alsocontainssay their shoesWe shouldthen
expectthatmostg (married, have_children) = mostg/(married, have_children), be-
causethe shoeswe have addedto E are neithermen,nor do they have children.The
cross-domairpropertyof having extensionexpressesomekind of context insensitv-

ity: given X3,...,X,, € P(F), we canadd an arbitrary numberof objectsto our
originaldomainE without alteringthe quantificatiorresult.Alternatively, we candrop
elementof E which areirrelevantto all agumentsets(i.e. not containedn the union
of X1,...,X,). Having extensionis hencean insensitvity propertyof NL quantifiers
with respecto thechoiceof thefull domainE, whichis oftento somedegreearbitrary

An analogougdefinition of having extensionfor fuzzy quantifiersis easily obtained
from (12); in this case the propertymusthold for all X;,..., X,, € P(E). It is nat-
ural to requirethatthe fuzzy quantifierscorrespondingo given semi-fuzzyquantifiers
which have extensionalsopossesshis property

Definition 23. A QFM F is saidto presere extensionif eac pair of semi-fuzzyguan-
tifiersQ : P(E)" — 1, Q' : P(E')" — IsuhthatE C E' andQ'|pg)» = Q,
ie Q(X1,...,Xn) = Q(X1,...,X,) forall Xy,...,X,, € P(E), is mappedto
fuzzyquantifies 7(Q) : P(B)" — L, F(Q') : P(E")" — Twith F(Q')|z gy =
FQ) ie F(Q)(Xy,...,Xn) = F(Q)(X1,...,X,),forall Xi,..., X, € P(E).

Theorem 16. EveryDFS F preservegxtension.
(Proof:A.2, p.47+)

Thisis apparenfrom (Z-6) and(Th-15).

Definition 24. A semi-fuzzyjuantifier@ : P(E)" — 1 is called quantitatve iff for
all automorphisnfs3 : E — E andall Y3,...,Y, € P(E),

Q(Y1,...,Yn) = QB(YY), ..., B(Yn)).

Similarly, a fuzzyquantifier@ : 73(E)n — I is said to be quantitatve iff for all
automorphism@ : E — E andall X4,...,X, € P(E),

Q(X1,. -, Xn) = QB(X1), -+, B(Xn)),
whele,é : ﬁ(E) — ﬁ(E) is obtainedby applyingthe standad extensiorprinciple.

By (Th-15),theinducedextensionprinciplesof all DFSescoincideon injective map-
pings.Therefore the explicit mentionof the standardextensionprinciplein the above
definitiondoesnot limit its applicabilityto any particularchoiceof extensionprinciple.

8 i.e. bijectionsof E into itself
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Theorem 17. SupposeF is a DFS.For all semi-fuzzguantifiesQ : P(E)" — 1, Q
is quantitativeif andonlyif F(Q) is quantitative

For example,the quantitatve quantifiersall, someandat leastn aremappedo quan-
titative semi-fuzzyquantifiersF(all), 7(some andF(at leastn), respectrely. Onthe
otherhand,the non-quantitatie projectionquantifierjohn = mj.n, iS mappedo the
fuzzy projectionquantifier’F(john) = Tjonn, Whichis alsonon-quantitatie.

Wewill now establishthata DFSis compatiblewith exactly oneextensionprinciple.

Theorem 18. SupposeF is a DFS and £ an extensionprinciple sud that for every
semi-fuzzyuantifier@ : P(E')" — Iandall f, : E — E', ..., fu : E — F/,

F(Qo i§1ﬁ) =F(Q) Oi£<18(fi) .ThenF = €.

The extensionprinciple F of aDFS F is uniquelydeterminedy the fuzzy existential
quantifiersF(3) = F(3g) : P(E) — I inducedby F. The conversecanalsobe
shawvn: thefuzzy existentialquantifiersobtainedrom aDFSF areuniquelydetermined
by its extensionprinciple F.

Theorem19. SupposeF is a DFS.

a. Foreverymappingf : E — E’andall ¢’ € E/, ,u,f(f)(.)(e') =FA)N<f1(e).

b. If E # @ and3 = 3g : P(E) — 2, thenF(3) = 7y o F(!), wher! : E —
{@} is themappingdefinedy!(z) = @ forall z € E.

A notion closelyrelatedto extensionprinciplesis that of fuzzyinverseimages In the
caseof crisp sets,inverseimagesf~! : P(E') — P(E) of agivenf : E — E’

aredefinedby f=}(V) = {e € E : f(e) € V}, foral V € P(E'). Generalising
this concept,every QFM F inducesfuzzy inverseimagesby meansof the following

construction.

Definition 25. SupposeF is a quantifierfuzzificationmedianismand f : E — E'is
somemapping F inducesa fuzzy inverseimagemappingF—1(f) : P(E') — P(E)
whichtoeath Y € P(E') assignghefuzzysubsetF —1( f) definedby

P/ﬁ—l(f)(y)(e) = f(xf_1(.)(e))(Y) .

If F is a DFS,thenits inducedfuzzy inverseimagescoincidewith the apparentrea-
sonable"definition:

Theorem 20. SupposeF isaDFS, f : E —s E' isamappingandY € P(E’). Then
foralle € B, pz_. 4y, (e) = puy(f(e)).-
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4.6 Propertieswith respectto the standard quantifiers

Theorem 21. SupposeF isa DFSand E # @ is somebaseset.Then
FW)(X) = inf{.xluX(a,-) tA={a1, ..., am} € P(E)finite,a; # a;ifi #j } ,
FA(X) = sup{.\:/l,ux(ai) :A=A{a1, ..., am} € P(E)finite, a; # a; if i # j } .

In particular F(V) is a T-quantifierand F(3) is an S-quantifierin the senseof Thiele
[23]. If E isfinite,i.e. E = {ej, ..., e} Wherethe e; are pairwisedistinct, then
FV)(X) = _51 ux(e;) andF(I)(X) = .\_71 px (e;). Hencethe fuzzy universal(exis-
tential)quantifiersarereasonablén the sensehattheimportantrelationshipbetweery
andA (3 andv, resp.) which holdsin thefinite casejs preseredby a DFS. Thetheo-

remalsoshavsthatin every DFS, thefuzzy existentialandfuzzy universalquantifiers
areuniquelydeterminedy theinducedfuzzy disjunctionandconjunction.

Theorem 22. SupposeF is a DFS, T its inducedextensiorprinciple andV = Jf‘(v).

a. f‘ is uniquelydeterminedy V; _ N

b. Visuniquelydeterminedy F, viz.z;, V 2o = (7z o F(1))(X) for all z;, z5 €1,
whee X € P({1, 2}) is definedby pux (1) = z1 and px(2) = 3, and! is the
uniguemapping! : {1, 2} — {o}.

(Proof:A.3, p.48+)
In particular if F= (;) is the standardextensionprinciple, thenV = max. Because
| did notwantQFMsin whichV # max to be a priori excludedfrom consideration|

have statedaxiom(Z-6) in termsof theextensionprinciplef inducedby F, ratherthan
requiringthe compatibility of F to the standardextensionprinciple.

4.7 Specialsubclasse®f DFSes

We will now turn to subclassesf DFS modelswhich satisfysomeadditionalrequire-
ments.

Definition 26. Let= : I — I astrongnegationopemator. ADFS F is calleda =-DFS
if its inducednegationcoincideswith =, i.e. F(—) = =. In particular, wewill call F a
—-DFSif it inducesthe standad negation—z = 1 — .

Definition 27. SupposeF isa DFSando : I — I a bijection. For every semi-fuzzy
quantifierQ : P(E)" — Iandall X4, ..., X, € P(E), wedefine

FQ)( X1y--es Xn) =0 ' F(0Q)(0 X1,y -y 0Xn),

whele o() abbreviatesoo ), ando X; € ﬁ(E) isthefuzzysubsewith y, x, = ocopx,.

20



Theorem 23. If FisaDFSando : I — I anincreasingbijection,then? isaDFS.

It is well-known [15, Th-3.7] that for every strongnegation= : I — I thereis a
monotonicallyincreasingpijectiono : I — I suchthat=z = o 1(1 — o(z)) for all
z € I. Themappingo is calledthe geneitor of =.

Theorem 24. SupposeF is a =-DFSando : I — I thegeneator of <. ThenF' =
Fo ' isa—-DFSandF = F/°.

This meansthat we canfreely move from an arbitrary =-DFS to a corresponding--
DFSandvice versa:We would not gain arything (really) new whenconsideringother
typesof DFSesandcanhencerestrictattentionto —-DFSes.

Definition 28. A ~-DFSF which inducesa fuzzydisjunctionV is calleda V-DFS.

Theorem 25. Supposeg/ is a non-emptyndex setand (F;) e s is a J-indexedcollec-
tion of V-DFSesFurther supposehat ¥ : 17 — I satisfieghe following conditions:

a. If f € 17 is constantj.e. if thereis ac € I sudthat f(j) = cfor all j € 7, then
v(f) =c.

b. #(1—f) =1—¥(f), wheel — f € 17 is point-wisedefinedby (1 — f)(j) =
1— f(j),forall j e J.

c. ¥ ismonotonicallyincreasingi.e.if f(j) < g(j) forall j € J,then®(f) < ¥(g).

If wedefine?((F;),cs] by
P[(F5)jea(@)(X1, - -, Xn) = U((F5(Q)(X1,- -+, Xn))jes)

for all semi-fuzzyquantifies Q : P(E)" — I and X1,...,X, € P(E), then
W[(.Tj)jej] isa V-DFS.

In particular corvex combinationge.g.,arithmeticmean)andstablesymmetricsums
[22] of V-DFSesareagain V-DFSes The =-DFSescanbe partially orderedoy “speci-
ficity” or “cautiousness’in the senseof closenesso % We shalldefinea partial order
= CIxIby

r2,yesy<c<iori<z<y, (13)
forall z,y € I.°

Definition 29. SupposeF, F’ are =-DFSesWe saythat F is consistentlylessspecific
than 7, in symbolsF <. F, iff for all semi-fuzzyjuantifies Q : P(E)" — I and
all Xq,...,X, € P(E), F(Q)(X1,..., Xn) 2. F(Q)( X1, .., Xn)-

® <. is Mukaidonos ambiguityrelation,see[17].
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We now wish to establistthe existenceof consistentlyleastspecificV-DFSesIn order
to beableto statethetheoremwe firstly needto introducethefuzzymedianmed .
2

Definition 30. Thefuzzy medianmed; : I x I — I is definedby
2

min(u1, u2) : min(u, uz) > %
med 1 (u1, uz) = { max(u, uz) : max(u, uz) < 3
2 1 else

2
med; iS an associaile meanoperator[3] and the only stable(i.e. idempotent)as-

2
sociatve symmetricsum[22]. The fuzzy mediancan be generalisedo an operator
P(I) — I which acceptsarbitrarysubset®f I asits aguments.

Definition 31. Thegenealisedfuzzymedianm : P(I) — Iis definedby
m; X = med, (inf X, sup X), for all X € P(I).
2

Theorem 26. Suppos# is ans-normand(F;) e 7 isa J-indexcollectionof V-DFSes
whee J # @. Thenthere existsa greatesiower specificitypboundon (F;) je 7, i.€. a
V-DFS Fyn, such that Fgnp, <. F; for all j € J (i.e. Fa, is alower specificitybound),
andfor all otherlower specificitypoundsF’, ' <. Feip. Feib is definedoy

Fan(@)(X1, ., Xn) =m3 {F5(Q)(X1,..., Xn) 1 j € T},
forall Q : P(E)" — IandX;,...,X, € P(E).

In particular thetheoremassertshe existenceof leastspecificV-DF Sesj.e. whenever
V is an s-norm suchthat V-DF Sesexist, thenthereexists a leastspecificV-DFS (just
apply the above theoremto the collectionof all V-DFSes) We shall now addresghe
issueof mostspecificDFSes:

Definition 32. Supposeé/ is an s-normand (Fj)jes is a J-indexedcollection of V-
DFSesF;, j € J whee J # @. (fj)jej is calledspecificityconsistentff for all Q) :
P(E)" — IandX;,..., X, € P(E),eitherRq x,,... x, C[0,1]orRg x,,.. x, C
[%a 1]! WheERnylyn-an = {f](Q)(Xl’ .. ,Xn) : .7 € J}

Theorem 27. Suppose/ is an s-normand (F;) e is a J-indexed collection of V-
DFSeswhere J # @.

a. (F;);jeg hasupperspecificitypoundsexactlyif (F;);c s is specificityconsistent.
b. If (F;)jes is specificityconsistentthenits least upper specificityboundis the
V-DFS A, definedby

sup Ro,xy,...x, * Roxi,.x, C[3:1]

Fun(@)(X1,- .-, Xn) =4 |
1ub (@) (X1 ) {lnfRQ,Xl,...,Xn : Rgxy,..x. C[0,3]

wheleRQ,Xl,,,.,Xn = {fj(Q)(Xl,...,Xn) 1 j € J}
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Definition 33. ADFSF suc that= = F(—) andV = F(V) is calleda (=, ¥)-DFS.

Definition 34. Suppose\,V : I x I — T are given.For all semi-fuzzyquantifies
Q, Q' : P(E)" — 1, the conjunctionQ A Q' : P(E)" — I andthe disjunction
QVQ :P(E)" — ILofQ andQ’ are definedoy

QAQ) X1,y -, Xn) = Q(X1,--, Xn) AQ' (X1,..., Xn)
QVQ) X1y, Xn) =Q(X1y--, Xp) VQ (X1, .., Xp)

for all Xy,...,X,, € P(E). For fuzzyquantifies, Q A Q' and Q V Q' are defined
analogously

In thefollowing, we shallbeconcernedvith (=, max)-DFSesj.e. DFSeswhichinduce
the standarddisjunction (V) = V = max. In the caseof (5, max)-DFSeswe can
establisha theoremon conjunctionsanddisjunctionsof (semi-)fuzzyquantifiers.

Theorem 28. SupposeF is a (=, max)-DFS.Thenfor all Q, Q' : P(E)" — 1,

a. FQAQ) <F(Q)AF(Q")
b. F(QV Q") > F(Q)VFQ).

We have sofar not madeary claimsabouttheinterpretatiorof & = F(«+) andxor =

F(xor) in agivenDFS F.
Theorem29. SupposeF is a (=, max)-DFS.Thenfor all 1, z2 €1,

a. T ,(l;ilig = (.731 /\.172) \/(;Jtl/\::tg)
b. z1 X0r 22 = (21 AT 22) V (S 21 AZ2)

Definition 35. By a standardFSwedenotea (—, max)-DFS.

StandardFSinducethe standarcdconnectvesof fuzzy logic andby (Th-22),they also
inducethe standardextensionprinciple. It hasbeenremarled in [11, p.49] that the
propositionalpart of a standardDFS coincideswith the well-known K-standardse-
quencelogic of Dienes[6]. In particular the three-waluedfragmentis Kleenes three-
valuedlogic. StandardDFSesrepresent “boundary” caseof DFSesbecausehey in-
ducethe smallestfuzzy existentialquantifiersthe smallestextensionprinciple,andthe
largestfuzzy universalquantifiers.

4.8 Further adequacycriteria and theoretical adequacybounds

In the following, we shall discussa numberof additionaladequag criteria for ap-
proachego fuzzy quantification.
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Definition 36. We saythata QFM F is arg-continuousf andonly if 7 mapsall @ :
P(E)" — I to continuousfuzzyquantifies F(Q), i.e. for all Xy,...,X,, € P(E)
ande > O thereexistsé > 0 sudthatd(F(Q)(X1,...,X,), F(Q)(X1,..., X)) <€
forall X},..., X!, € P(E) withd((Xy,...,X,),(X},...,X.)) < &; whee

d((X1,.. -, Xn), (X1,..., X)) = I?Z’TLIXSUP{WXi(e) —pxi(e)|:e € E}.

Definition 37. We saythat a QFM F is Q-continuousif and only if for each semi-
fuzzyquantifier @ : P(E)" — I andall e > 0, there exists§ > 0 sud that
d(F(Q),F(Q')) < e wheneer@' : P(E)" — I satisfiesd(Q, Q') < §; whee

d(QaQI) = Sup{|Q(Y17' . '1Yn) - QI(Ylv' .. 7Yn)| : Ylv' . -aYn S P(E)}
d(F(Q),F(@Q")) = sup{|F(Q)(X1,..., Xn) — F(Q)(X1,..., Xn)| : X1,..., Xn € ﬁ(E)}

Arg-continuitymeanghata small changein the membershigradesux, (¢) of thear

gumentsetsdoesnotchangeF (Q)(Xy, . . ., X,,) drastically;it henceexpressesanim-

portantrobustnessconditionwith respecto noise.Q-continuity capturesanimportant
aspectof robustnesswith respecto imperfectknovledgeaboutthe precisedefinition
of aquantifier;i.e. slightly differentdefinitionsof ¢ will producesimilarquantification
results.Both conditionsarecrucialto the utility of a DFS andshouldbe possessetly

every practicalmodel. They arenot partof the DFS axiomsbecauseve wantedto have
DFSedor generalt-norms(includingthediscontinuouwariety).

Theorem 30. Suppos@ DFS F hasthe propertythat
FRAQ)=FQ) AFQ") (14)

for all semi-fuzzguantifies Q, Q' : P(E)" —s I, where A = F(A). ThenA satisfies
zASz=0forall z,y € I.

A DFSF whichis homomorphiavith respecto conjunctiongor equivalently; disjunc-
tions)of quantifiersghereforanducesat-normwhichrespectshelaw of contradiction.
Thisis clearlyunacceptablsinceit would excludemary interestingi-norms;in partic-
ular, the standarcthoiceF(A) = min. We have thereforenot requiredin generathata
DFSbehomomorphiawith respecto conjunctions/disjunctionsf quantifiers.

Thereademill certainlyhave noticedour speciatreatmenbf thepropositionatonnec-
tives<+ andxor. Thedifficultiesin proving propertiesof DFSeswith respecto these
connectvesarecausedy thefactthatthe definitionof <», xor : 2 x 2 — 2 involves
multiple occurrencesof propositionalariables.

Definition 38. Suppos®) : P(E)™ — Iisasemi-fuzzguantifierand¢ : {1, ..., n}
— {1, ..., m}isamappingBy Q¢ : P(E)" — I wedenotethe semi-fuzzguan-
tifier definedby Q¢(Y1,...,Yn) = Q(Yer), ---, Ye(ny), forall Ya,...,Y, € P(E).
We usean analay definitionfor fuzzyquantifiess.
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The interestingcaseis that of non-injectve &, which insertsthe samevariablein two
(or more)argumentpositionsof the original quantifierQ.

Theorem 31. SupposeF is a DFS which is compatiblewith the duplication of vari-
ables,i.e.wheneerQ : P(E)"™ — Iand¢: {1, ..., n} — {1, ..., m} for some
n € N, then F(Q¢) = F(Q)E. Thenthe inducedconjunctionA = F(A) satisfies
zASz=0foralz,y €L

Again, we find this too restrictve andthereforehave not requiredthat 7 be homomor
phic with respecto the duplicationof variables.

Definition 39. Suppos&) : P(E)" — I is ann-ary semi-fuzzyjuantifiersud that
n > 0. Q is saidto becorvex'9in its i-th agument wheei € {1,...,n}, iff

Q(Xh .. aX‘n) 2 mln( Q(Xla oo 7Xi—17Xz{7Xi+17 oo 7Xn)7
Q(Xla oo 7Xi—11X1{17Xi+15 .. aXn))

wheneer Xy, ..., X,, X, X/ ¢ P(E)andX; C X; C X/
Corvexity of a fuzzyquantifierQ : P(E)" — T in thei-th arguments definedanalo-
gouslywhee X3, ..., X,, X, X! € P(E), and‘C’ is thefuzzyinclusionrelation.

For example,between10and 20 is corvex in both argumentsandabout 30 percent
is convex in thesecondargument.

Definition 40. A QFM F is saidto presere corvexity of n-ary quantifierswheen €
N\ {0}, if andonly if every n-ary semi-fuzzyquantifier@ : P(E)" — I which is
convex in its i-th argumentis mappedo a fuzzyquantifier 7(Q) which is also corvex
in its i-th argument.F is said to presere corvexity if F preserveghe corvexity of
n-ary quantifies for all n > 0.

Theorem 32. SupposeF is a contectual QFM with the following properties:for every
basesetF # o,

a. thequantifierOQ : P(E) — I, definecoy O(Y') = 0 forall Y € P(E), is mapped
to thefuzzyquantifierdefinedby 7(0)(X) = 0 for all X € P(E);

b. If X € P(F) andthere existssomee € E sutthatux(e) > 0, thenF(3)(X) >
0; 5

c. If X € P(E) andther existse € E sutthatux(e) < 1, thenF(~V)(X) > 0,
whee ~V : P(E) — 2 is thequantifierdefinedby

o= {3 X2

1n TGQ, thosequantifierswhich we call ‘convex’ are usually dubbed‘continuous’.| have
decidedo changdaerminologybecausef the possibleambiguityof ‘continuous’,which could
alsomean‘smooth’.
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ThenF doesnot preservecorvexity of one-placequantifies Q : P(E) — I onfinite
basesetsE # @. In particular, no DFS preservegorvexity.

This meanghatevenif we restrictto the simplecaseof one-placeguantifierson finite

basesets,thereis still no QFM F which both satisfiesthe very elementaryadequag

conditionsimposedby thetheorem andpreserescorvexity underthe simplifying as-
sumptions Becausecontectuality is a ratherfundamentatondition,it seemsetterto

wealen our requirement®n the preseration of corvexity, ratherthancompromising
contextuality or the otherelementaryconditions.

Theorem 33. SupposeF is a contectual QFM which is compatiblewith cylindrical
extensionsandsatisfieghefollowing properties:for all basesetsE # &,

a. thequantifierO : P(E) — I, definedby O(Y') = 0 forall Y € P(E), is mapped
to thefuzzyquantifierdefinedby F(0)(X) = 0 for all X € P(E);

b. If X € P(E) andthere existssomee € E sud that ux(e) > 0, thenF(3)(X) >
0;

c. If X € P(E) andthere existsand there existssomee € E sud that ux (¢') = 0
foralle’ € E\{e} andux(e) < 1,thenF(~3)(X) > 0,whee~3: P(E) — 2
is the quantifierdefinedby

- i 35

ThenF doesnot preservethe corvexity of quantitativesemi-fuzzyjuantifies of arity
n > 1 evenonfinite basesets.In particular, no DFS preserveshe corvexity of quanti-
tative semi-fuzzyjuantifies of arity n > 1.

This leavesopenthe possibilitythatcertainDFSeswill preserethe corvexity of quan-
titative semi-fuzzyquantifiersof arity n = 1:

Definition 41. A QFM F is saidto weakly presere corvexity iff 7 preserveshecon-
vexity of quantitativeone-placegquantifies on finite domains.

In this casewe getpositive resultson theexistenceof DFSeghatweaklypresere con-
vexity. An exampleof aconformingDFSwill begivenbelow. Let usremarkthatweak
preserationof corvexity is strongenougha conditionto cover mary NL quantifiersof
interest.e.g.betweenl0and 20, about 50 andothers.

Oneof the penasie propertiesof NL quantifiersis conservativity We shallcall @ :
P(E)> — I conservativef

Q(X1, X2) = Q(X1, X1 N X3) (15)

for all X;, X, € P(E). To giveanexample,if E is asetof personsmarried € P(E)
is the subsebf marriedpersonsandhave_children € P(E) is the setof personsvho
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have children,thenthe conserative semi-fuzzyquantifieralmostall : P(E)* — I
has

almostall(married, have_childr en) = almostall(married, married N have_childr en)

i.e.themeaning®f “almostall marriedpersonsave children” and“almostall married
personsaaremarriedpersonsvho have children” coincide.Lik e having extension,con-
senativity expressesn aspeciof contet insensitvity: if anelementof the domainis
irrelevant to the restriction(first amgument)of a two-placequantifier thenit doesnot
affectthequantificatiorresultatall. For example every conserative Q : P(E)* — I
apparentlyhasQ(X1, Xo N X;1) = Q(X1,X2 U ~X4), i.e.if e ¢ X, thenit does
not matterwhethere € X, ore ¢ X,. A correspondingduzzy quantifier 7(Q) :

ﬁ(E)2 — I shouldatleastpossesshefollowing propertyof weakconservativity
F(Q)(X1,X2) = F(Q)(X1,spH(X1) N X3), (16)

for all X;, X, € P(E), wheresp(X;) is the supportof X, see(8). This definition
is sufiiciently strongto capturethe context insensitvity aspectof conserativity: an
elemente € E whichis irrelevantto therestrictionof the quantifier i.e. px, (e) = 0,
hasno effect on the quantificatiorresult,whichis independentf ux, (e).

Theorem34. EveryDFS F weaklypreserveonservativityi.e. if Q : P(E)* — I
is conservativethenF(Q) is weaklyconservative
(Proof:A.4, p.48+)

Letussaythatafuzzy quantifier@ : ﬁ(E)2 — I is strongly conservativef
F(Q)(X1, X2) = F(Q)(X1, X1 N X3) for all X1, X, € P(E).

In additionto the contect insensitvity aspect,strongconserativity also reflectsthe
definitionof crispconsenrativity in termsof intersectiorwith thefirst agument.

Theorem 35. Assumé¢he QFM F satisfieghefollowing conditions:(a) ]T‘(idQ) = idy;
(b) = is a strongnegationoperator; (C) A is at-norm; (d) F is compatiblewith internal
meets,seeDef. 15; (e) F is compatiblewith dualisation.ThenF doesnot strongly
preserveconservativityi.e. there are conservative : P(E)* — I suc that F(Q) is
not strongly conservativeln particular, no DFSstrongly preservesonservativity
(Proof:A.5, p.48+)

Hencestrongpreseration of conserativity cannotbe ensuredn a fuzzy framework,
evenunderassumptionsvhich aremuchwealerthanthe DFSaxioms.

In our commentson argumentinsertion(seep. 16) we have remarled that adjectval
restrictionwith fuzzy adjectivescannotbe modelleddirectly: if A € P(E) is afuzzy
subsetof E, thenonly F(Q)<A is defined,but not @Q<A. However, one can ask if
F(Q)<A canberepresentetly a semi-fuzzyquantifier@’, i.e. if thereisa @’ suchthat

F(Q)A=F(Q). 17

Theobviouschoicefor Q' is thefollowing.
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Definition 42. SupposeF is a QFM, @ : P(E)" — Iis a semi-fuzzyyuantifier
andA € P(E). ThenQ< A : P(E)" — ILis definedby

QIA=UF(Q)2A),
e QIA(YL,...,Y,) = F(Q)(Y1,..., Y, A)forall crispYy,...,Y, € P(E).

Q' = Q<A istheonly choiceof Q' which possiblysatisfies(17), becauseary Q'
which satisfiesF(Q') = F(Q)<A alsosatisfies

Q' =UF(Q)) =U(F(Q)A) = Q< A,

whichis apparenfrom (Th-1). Unfortunately Q < A is not guaranteedo fulfill (17)in
a QFM (notevenin a DFS). Let us henceturn this equationasan adequag condition
whichensureshat@ < A corveystheintendedmeaningn agivenQFM F:

Definition 43. SupposeF is a QFM. We saythat F is compatiblewith fuzzy argument
insertioniff for every semi-fuzzyuantifier@ : P(E)" — I of arity n > 0 andevery

AeP(E), F(QIA) = F(Q)<A.

Themainapplicationof this propertyin naturallanguages thatof adjectival restriction
of aquantifierby meansof afuzzy adjectve. For example,supposer is asetof people,
andlucky € P(E) isthefuzzy subsebf thosepeoplein E whoarelucky. Furthersup-
posealmostall : P(E)* — T is a semi-fuzzyquantifierwhich models“almostall”.
Finally, supposehe DFS F is choserasthemodelof fuzzy quantification We canthen
constructhe semi-fuzzyquantifier@’ = almostalln < lucky . If F is compatiblewith
fuzzy amgumentinsertion thenthe semi-fuzzyquantifierQ’ is guaranteetb adequately
modelthe compositeexpressioralmostall X’'s arelucky Y’s”, because

F(Q') (X1, X5) = F(Q)(X,Y 1 lucky)

for all fuzzy agumentsX,Y € ﬁ(E), which (relative to F) is the properexpression
for interpreting“almostall X's arelucky Y’s” in the fuzzy case.Compatibility with
fuzzy agumentinsertionis a very restrictve adequag condition.We shallpresenthe
uniquestandardFSwhich fulfills this conditionon p.33.

Finally, let us re~call the specificity order <, definedin (13). We can extend <. to
fuzzy setsX € P(E), semi-fuzzyquantifiersQ : P(E)" — I andfuzzy quantifiers
Q: P(E)" — 1 asfollows:

X <. X' < px(e) <. px(e) foralle € E;

QR=2.Q <= Q(¥1,...,Yn) 2. Q (Y1,...,Yn) forall Y1,...,Y, € P(E);

Q=.Q — QX1,...,Xn) =, Q(X1,...,X,) foralXy,..., X, € P(E).
Intuitively, we shouldexpectthatthe quantificationresultsbecomedessspecificwhen

the quantifieror the amgumentsetsbecomedessspecific.In otherwords:thefuzzierthe
input, thefuzzierthe output.
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Definition 44. We saythata QFM F propagtesfuzzinessn argumentsf andonly if
thefollowing propertyis satisfiedorall Q : P(E)" — IandXy,...,X,, X],...,X.:
If X; <, X/ foralli=1,...,n, thenF(Q)(X1,...,Xn) <. F(Q)(X],..., XL).

We saythat F propagtesfuzzinessn quantifiersf andonlyif 7(Q) <. F(Q’) when-
ever@ <, Q".

5 A classof modelsof the axiomatic framework

We will now addressheissueof modelsof our axiomaticframework. We introducea
classof QFMswhich aredefinedin termsof three-waluedcutsof argumentsetsandsub-
sequentggreation basedon the fuzzy median.We hencegeneralisghe construction
successfullyusedin [11] to defineDFSes.In particular we presenta characterisation
of the classof Mp-DFSesin termsof necessanand sufficient conditionson the ag-
gregation mappingB. In orderto definethe unrestrictedclassof Mg-QFMs, let us
recallsomeconceptsntroducedn [11]. We needthe cutrange7, (X ) C P(E) which
represents three-aluedcut at the “cautiousnesgevel” v € I by a setof alternatves
{v: (X)p»Cy C (X)m}:

Definition 45. Suppose issomeset, X € P(E)andy € I. (X)min (X)max € P(E)
and7,(X) C P(E) are definedoy

. X1 7=0
()5 =1 x 2
Xolily 720
X 1 7=0
()5 =1 2
X
S L

To(X) = {V : (X)2" C ¥ € (X)2°9,

whee X>, = {e € E: px(e) > a}isthea-cutand Xs, = {e € E : ux(e) > o}
is the strict a-cut.

The basicideais to view the crisprangeT, (X) asproviding a numberof alternatves
to beevaluated For example,in orderto evaluatea semi-fuzzyquantifierQ atacertain
cut level v, we have to considerall choicesof Q(Y1,...,Y,), whereY; € T,(X;).
The setof resultsobtainedin this way mustthenbe aggreatedto a singleresultin the
unitinterval. The generaliseduzzy median(seeDef. 31) is particularlysuitedto carry
out this aggreyation becauseahe resultingfuzzification mechanisnwill then contain
Kleenesthree-aluedlogic asaspecialsubcaséseeremarkonp.23).Let ushenceuse
thecrisprangesy, (X;) of theargumentsetsto defineafamily of QFMs (e).,, indexed
by the cautiousnesparametety € I:

Definition 46. For every~ € I, wedenoteby (e)., the QFM definedby

Qy(X1,. -, Xp) =mi{Q(V1,...,Ya) : Yi € To(X4)},
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for all semi-fuzzyuantifies Q : P(E)" — L

None of the QFMs (s), is a DFS, the fuzzy mediansuppressesoo much structure.
NeverthelesstheseQFMspraove usefulin definingDFSesThebasicideais thatin order
to computeF(Q)(X1, ..., Xy), we shouldconsiderthe resultsobtainedat all levels
of cautiousness, i.e. (Q(X1,...,Xn))ye1. We canthenapply variousaggreation
operatoron thesey-indexedresultsto obtainnev QFMs, which might be DFSes.Let
usnow definethedomainonwhich theaggreationoperatorswill act.

1
Definition 47. BT,B2, B~ andB C I' are definedby

BT = {f €I': £(0) > 1 and f(I) C [}, 1] and f noninceasing}

B 1

={c1}, wheec; :I— Iistheconstanic;(z)= 3 forallz cI
2 2 2
B~ = {f €I': £(0) < £ and f(I) C [0, ] and f nondeceasing}

1
B=BTuUB2UB .

N

Theorem 36.

a. Suppos&®) : P(E)" — I andXy,..., X, € P(E) aregiven.Then

B+ . Qo(Xl,...,Xn)>
(Qy(X1se Xn))aet €4 B2 ¢ Qo(X, ..., Xp) =
B~ : QO(Xla"'aX'n)<

N[= N[= N[=

b. For each f € B there existsQ : P(E)" —s IandXy,..., X,, € P(E) suchthat
f = (Q'y(Xla ceey Xn))'yel-

Relatve to an aggr@ation operatorB : B — I, we definethe QFM Mg which
correspondso B asfollows.

Definition 48. Suppose : B — I is given.TheQFM M is definedby
Mp(Q)(X1, ..., Xn) = B(Qy(X1,. .., Xn))yer) » (18)

for all semi-fuzzguantifies Q : P(E)” — IandX; ..., X, € P(E).

By theclassof Mg-QFMswe meantheclassof all QFMs M i definedin thisway. It is

apparenthatif we do notimposerestrictionson admissiblechoicesof B, theresulting

QFMs will often fail to be DFSes.We are henceinterestedn statingnecessarand

sufficient conditionson B for Mg to be a DFS. In orderto do so, we first needto
introducesomeconstruction®onB.
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Definition 49. Supposef : I — I is a monotonicmapping(i.e., nondeceasingor
noninceasing) Themappingsf®, f# : I — I are definedby:

f o x=1
P {limy_,m_ fly) : z>0
£(0) : xz=0

forall feB, z el

It is apparenthatif f € B, thenf! € B andf® € B. We shallfurtherintroduceseveral
coeficientswhich describecertainaspect®f amappingf : I — 1.

Definition 50. For everymonotonianappingf : I — I (i.e., eithernondeceasingor

noninceasing)wedefine

fo = lim, £(%) (19)
fl=inf{y €I: f(y) =0} (20)
1
fE=mf{yel: f(y)=3} (21)
fi = lim f(v) (22)
y—1
fi=sup{y €l: f(y) =1}. (23)

Basedbntheseconceptsye cannow stateanumberof axiomsgoverningthebehaiour

of reasonablehoicesof B.

Definition 51. Supposés : B — I is given.For all f, g € B, wedefinethefollowing

conditionson B:

B(f) = f(0) if fisconstantj.e. f(z) = f(0)forallz €1 (B-1)
B(1—f)=1-B(f) (B-2)
If £(I) C {0, 1, 1}, then (B-3)

3+ %f*% feBt
B(f)=141 feB?

1

% — %f,,? : feB
B(f*) = B(f") (B-4)
It f < g,thenB(f) < B(g) (B-5)

Theorem 37.

a. Theconditions(B-1) to (B-5) are suficientfor My to bea standad DFS.
b. Theconditions(B-1) to (B-5) are necessaryor My to bea DFS.
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c. Theconditions(B-1) to (B-5) are independent.

In particular B(f) = 1 — B(1 — f) for all f € B, andB(f) > 1 wheneer f € B*.
We canhencegive amoreconcisedescriptionof M z-DFSespy consideringpnly their
behaiour onB+:

Definition 52. By H C I' wedenotethe setof noninceasingf : I — I, f £ 0, i.e.

H={f €I': fnoninceasingandf(0) >0 }.

We canassociatavith each’ : H — I acorrespondind3 : B — I asfollows:
1+iB(2f-1) : feBf
1
f eB2 (24)
—IB(1-2f) : feB-

B(f) =

N[ D=

Theorem 38. If Mg isaDFS,thenB canbedefinedn termsof a mapping8’ : H —
I accodingto equation(24). B’ is definedby

B(f)=2B(3+31f)—-1. (25)

We canhencefocuson propertiesof mappingss’ : H — I withoutloosingary of the
desiredmodels.

Definition 53. Supposé#s’ : H — Iisgiven.For all f, g € H, wedefinethefollowing
conditionson B':

B'(f) = f(0) if fisconstantj.e. f(z) = f(0)forallz € I (C-1)

If £(T) € {0, 1}, thenB'(f) = f?, (C-2)
B(f*) =B(f) if f((0,1]) # {0} (C-3)
If f < g,thenB'(f) < B'(g) (C-4)

Theorem 39. Suppose’’ : H — I is givenand M is definedby (18), (24).

a. Theconditions(C-1) to (C-4) are suficientfor Mg to bea standad DFS.
b. Theconditions(C-1)to (C-4) are necessaryor My to bea DFS.

Ourintroducingof B’ is mainly a matterof corvenience We cannow succintlydefine
someexamplesof Mz-QFMs:

Definition 54. By M wedenotethe M z-QFM definedby

1
B’f(f) :/(; f(z)dzx, forall f € H.
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Theorem40. M is a standad DFS.

M is Q-continuousandamg-continuousandhencea practicalchoicefor applications.
Definition 55. By My wedenotethe M z-QFM definedby

B'y(f) = max(fl, f) for all f € H, see(22)and(23).

Theorem41. Supposep : I? — Iisans-normandB’ : H —s 1 is definedoy

forall f € H. Furthersupposé¢hat Mz is definedn termsof B’ accodingto equations
(18)and (24). ThenMj is a standad DFS.

In particular My is astandardFS.It is neitherQ-continuousior arg-continuousand
hencenot practical. However, My is of theoreticalinterestbecauset representan
extremecaseof Mg-DFSin termsof specificity:

Theorem42. My istheleastspecificM g-DFS.

Let usnow considertheissueof mostspecificM g-DFSes.

Definition 56. By Mg we denotethe M g-QFM definedby

B's(f) = min(f2, £3) for all f € H; see(19)and (20).
Theorem43. Supposeés’ : H — T is definedby
B(f)=flof

for all f € H, whee ® : I?> — I is a t-norm. Further supposehat the QFM M is
definedn termsof B’ accodingto (18) and (24). ThenMj is a standad DFS.

In particular Mg is a standardDFS. Again, Mg fails on both continuity conditions,
but we have:

Theorem44.
Mg is the mostspecificM g-DFS.

Definition 57. By M x wedenotethe M g-QFM definedby

B'cx(f) = sup{min(z, f(z)) : z € I} forall f € H.
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Theorem45. Suppose® : I? — T is a continuoust-normand B’ : H — I is
definedby

B'(f) =sup{y® f(y) : v € I}

forall f € H. Furthersupposéhat M is definedn termsof B’ accodingto (18) and
(24). ThenMp is a standad DFS.

In particular M ¢ x is astandardFS. It is alsoQ-continuousandarg-continuousand
hencea good choicefor applications.As we shall nov shawv, Mcx is a DFS with
unigueproperties.

Theorem 46.

a. Mcx weaklypreservesorvexity.
b. If an Mpz-DFSweaklypreservesorvexity, then Mg x <, M3.

Theorem47. M¢x istheonlystandad DFSwhichis compatiblewith fuzzyargument
insertion.

DefinEion 58. Suppose) : P(E) — I is a nondeceasingsemi-fuzzyjuantifierand
X € P(E). TheSugendntegral (S) [X dQ is definedby

(S) /X dQ = sup{min(e, Q(X>4)) : @« € I}.

Theorem 48. Suppose) : P(E) —s I is nondeceasing Thenfor all X € P(E),
(5) [X dQ = Mox(@(x).

HenceMx coincideswith the Sugendntegral whenever thelatteris defined.

Definition 59. SupposeE # & is a finite basesetof cardinality |E| = m. For a
fuzzysubsetX e 73(E), let usdenoteby uj;)(X) € I, j = 1,...,m, the j-th largest
membeshipvalueof X (includingduplicates)l.lWeshallalsostipulatethatp[o](X) =
1 andug;;(X) = 0 wheneerj > m.

Usingthis notation,we obtainthefollowing corollary (cf. [5]):

Theorem49. Suppose&r # @ is afinite baseset,q : {0,...,|E|} — Iisanonde-
creasingnappingand@ : P(E) — Iisdefinecoy Q(Y) = ¢(|Y]) forall Y € P(E).
Thenfor all X € P(E),

Mex(Q)(X) = max{min(q(5), u;(X)) : 0 <j < |El},
i.e. M¢x consistenthgenerlisesthe FG-countapproac of [32,25).

1 More formally, we canorderthe elementof E suchthat E = {e1,...,en} andux(e:) >
--- > px(em) andthendefinep ;) (X) = px(e;).
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Let us also obsene that M x is a concreteimplementationof a so-called“substi-
tution approach™o fuzzy quantification[24], i.e. the fuzzy quantifieris modelledby
constructinganequialentlogical formulaasfollows 12

Theorem50. For every@ : P(E)" — IandXy,..., X, € P(E),

Mex(Q)(Xy,. .., Xn)
= sup{Q¥ w(X1,...,Xs) : V, W € P(E)", Vi C Wi,...,V, C Wy}
=inf{QY w(X1,...,Xn) : V,W € P(E)", Vi CWh,...,V, C Wy}
wheie
Q% w(X,..., Xn)
= min(Syw (X1, ..., X,),inf{Q(Y1,...,Y,) : V; CY; C W, all i})
QY w(X1,-.., Xn)
=max(l — Sy w(Xq,..., Xp),sup{Q(Y1,...,Y,) : V; CY; CW,, all i})
Svw(X1,..., Xn)

= I?:i?min(inf{px(e) te € V;},inf{l —ux(e) : e ¢ W;}).

Returningto M g-DFSesin generalwe canstatethat:
Theorem51.

— All M3-DFSescoincideon three-valuedargumentsj.e. wheneer X,..., X, €
P(E) with ux, (e) € {0, 1, 1} forall e € E;

— all Mg-DFSesoincideonthree-valuegemi-fuzzguantifies,i.e. Q : P(E)" —
{0, 3, 1}

— EveryMp-DFS propagatesfuzzinessn quantifiess andarguments.

In addition,every Mp-DFSis a consistengeneralisatiorof the fuzzificationmecha-
nismproposedy Gaineq8] asafoundationof fuzzyreasoningA broaderclassof DFS
modelsis obtainedf we dropthemedian-basedggregationmechanisnof M z-DFSes
[10]. Tothisend,let usobserethat(e)., canbeexpressedis

Qy (X1, Xn) = med%(Q;nin(Xl, s X)), @ (X1, X)) (26)
wherewe abbreviate

(X, X)) =inf{Q(M, ..., Y,) Y € To(Xa)} (27)

Q¥ (X1,..., Xp) =sup{Q(Y1,...,Yn) : Vi € To(Xy)}. (28)

21n the finite case,inf andsup reduceto logical connecties A = max andV = min as
usual.We needto allow for occurrencef constantsQ(Ys,...,Y,) € I in the resulting
formulabecausehe fuzzificationmechanisnis appliedto semi-fuzzyquantifiersnot only to
two-valuedquantifiers.
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Thisis apparenfrom Def. 31andDef. 46.med : (z, y) canthenbereplacedwith other

2
connectves,e.g.thearithmeticmean(z + y) /2. An exampleof aDFSnotbasedn the
fuzzy medianis the following:

Definition 60. TheQFM Fgy, is definedby
1 . 1
fCh(Q)(Xla'--aXn): % / nynln(Xl,,Xn)d’Y‘i‘% / nynax(Xl,...,Xn)d’y,
0 0
forall Q : P(E)" — I, Xy,..., X, € P(E).
Theorem52. F¢4, is a standad DFS.

The DFS F¢p, is Q-continuousand arg-continuous.However, it neither propagites
fuzzinessn quantifiersnorin agumentsThis demonstratethat Fy, is ratherdifferent
from Mpg-DFSes.

Definition 61. Suppose) : P(E) — I is a nondeceasingsemi-fuzzyuantifierand
X € P(E). TheChoquetintegral (Ch) [ X dQ is definedby

1
Ch) | XdQ = X>q)do.
©n) [xdQ= [ Qxs0)da
Theorem53. Suppose) : P(E) —s I is nondeceasing Thenfor all X € P(E),
(1) [ X d@ = Fen(@(X).

HenceF¢y, coincideswith the Choquetintegral whenever the latter is defined.As a
corollary, we obtain(cf. [5]):

Theorem54. Supposeér # @ is afinite baseset,q : {0,...,|E|} — Iisanonde-
creasingmappingsuc that¢(0) = 0, ¢(|E|) = 1, andQ : P(E) — Lis definedoy
Q(Y) =q(]Y|)forallY € P(E). Thenfor all X € P(E),

|E|

For(Q)(X) = (q(4) — a(G — 1)) - pi(X),

=1

i.e. Fop, consistenthgenerlisesYager's OWA approadc [26].

36



6 Evaluation of Fuzzy Quantifiers in DFS

Letusnow discusghe computationadspectandshav how thefuzzy quantifiers7(Q)
canbeefficiently implemented.

6.1 Evaluation of “simple” quantifiers

Theorem55. In everystandad DFSF andfor all E # &,

3)(X) = sup{ux(e): e € E}
)(X) =inf{ux(e): e € E}
all)(X1, X2) = inf{max(1l — ux, (e), ux,(e)) : e € E}

(

v

(

(somg (X, Xz) = sup{min(ux, (¢), px,(e)) : € € E}
(

(

.7:'
.7:'
.7:'
f
F(no)(X1, Xq) = inf{max(1 — ux,(e), 1 — ux,(e)) : e € E}
F(at leastk)(X:, X2) =sup{a € I:|(X1NX2)s, | >k},

forall X, X1, Xo € ﬁ(E). In particular, if E is finite, then
f(at |eaS'[k)(X1, Xz) = ,u[k](Xl N X2)

Let us remarkthat morethan k = atleastk+1, lessthank = 1 — atleastk and
at mostk = 1 — morethan k, i.e. thesequantifierscanbe computedrom at leastk.

6.2 Evaluation of quantitati ve one-placequantifiers
We first needsomeobsenationson quantitatve one-placequantifiers.

Theorem56. A one-placesemi-fuzzyjuantifier@ : P(E) — I on a finite baseset
E # @ is quantitativeif andonlyif there existsa mappingg : {0, ...,|E|} — I suh
thatQ(Y) = ¢(|Y]), forall Y € P(E). q is definedby

q9(j) = Q(Y;) (29)
forj € {0,...,|E|}, wherY; € P(E) is anarbitrary subsebf cardinality |Y;| = j.

In particulay if the quantifierhasextensionthenthereexists g : N — I suchthat
for all finite basesetsE # &, ¢(j) = uq(j) forall j € {0,...,|E|}.

Theorem57. A quantitativeone-placesemi-fuzzyjuantifier@ : P(E) — I ona fi-
nite basesetis corvex if andonlyif there existsj,i € {0, ..., m} suhthatg() < g(u)
forall £ <wu < jpk, andg(€) > g(u) forall jox < £ < u; wheegq: {0,...,|E|} —1
is the mappingdefinedby (29).
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Theorem58. A quantitativeone-placesemi-fuzzyquantifier@ : P(E) — I ona
finite basesetis nondeceasing(noninceasing)if andonly if the mappingg definedby
(29) is nondeceasing(noninceasing).

Let us now simplify the formulasfor Qg‘i“(Xl, oy Xp) and QF (X, ..., Xp) iN
the caseof a quantitatve @, cf. (26), (27), (28). Givenafuzzy subsetX € ﬁ(E) ofa
finite basesetE # @ and~ € I, let usabbreviate

X[ = (05 (30)

v

| X5 = 1(X)5™ (31)

~
Forall 0 < ¢ < u < |E|, wefurtherdefine
g™ (¢, u) = min{q(k) : £ < k < u} (32)
¢ (l,u) = max{q(k) : £ < k < u}. (33)
Theorem59. For everyquagtitativeone-placesemi-fuzzy1uantifierQ :P(E) —1
onalfinite baseset,all X € P(E) and~y €1,
nynin(X) _ qmin(& u)
Q}'ynax(X) — qmax(& u)

Qy(X) = med (4" (6, ), 4™ (£,)

abbreviating ¢ = | X |5 andu = | X|7°.

We canuse(Th-57)and(Th-58)for somesimplifications.If @ is corvex, then

g™ (¢,u) = min(q(£), q(u))

q(f) 4> jpk
" (bu) = q(v)  : u<jpk
qUpk) ¢ £<jpx<u
andif @) is monotoni¢then
g (L) = q(f), ¢™*(¢,u) = q(u) if @ nondecreasing
g (L) = q(u), ™4, u) = q(f) if @ nonincreasing.

In the caseof the DFS M¢x, we canusethe following fuzzyinterval cardinality to
evaluatequantitatve one-placejuantifiers.

Definition 62. For everyfuzzysubsetX € P(E), thefuzzyinterval cardinality|| X i, €

P(N x N) is definedby

i X),1 = prasn(X)) : £<
u||X|iv(£,u):{f)nln(“W( )1 = i (X)) : else“ forall ,u € N. (34)

Intuitively, p) x|, (£, u) expresseshedegreeto which X hasbetweer? andu elements.
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Algorithm for computing M(Q)(X) Algorithm for computing Fcr(Q)(X)

I NPUT: X I NPUT: X
/] initialise H ¢ wu [l initialise H ¢ wu
H:= Histx; H:= Hstx
m m
L= Zl H mj ] L= El H[mH]
1= 1=
w =€+ Hn; w = £+ Hn;
cq := meds (¢™™(&w), ¢™(&w); cq s =_a™m(4 w) + q™(L w);
) 2, sdm : ="cq; ] '
if( cqg==121) return 1; for( j :=1; j<m j =] +1) {
sum : = cq; ch : = fal se; // 'change”
if( cg >21) (4(u t[tiate]cl;éa%se)sfor ¢ and u
for(j :=1; j<m j :=j +1 | mt] .

(nc]::true;J// Jno ch!’me ) A ) {Hfi?f' Hmtj]; ch :=true; }

/1 update clauses for Z and u lf( [mj] #0)

if( Hmtj] # 0) {w:=u+Hmjl; ch:=true; }

0= ¢ - H[mrj] nc: = false; } f( ch)
if( Hmj] # 0) /1 one of ¢ or w has cganged
2 - min 4+ gmax
’ ng)' uw + Hmj]; nc:= false; } sum{ qsum+cqu u) q (¢, u); }
sum:= sum + cq; continue;
Il c;{ne of £ or w has changed } II’Eﬁ'IfDUfn sum/ nmi; // where mi = 2*m

cq := g™R(e, u);
if(cqg < ) break
sum ;= sunf+

el se )
for( j =1 j<m j :=j +1) {
nc: = true;

/1 update clauses etc. as above
// one of ¢ or u has changed

1= g™ £€ u) ;

|f( cq > 3 ) break;

sum := sum + cq;

return (sum+ 1*(mj /'m
ret ( 37 (mj))

Tablel.Algorithmsfor evaluatingquantitatve one-placequantifiers

Theorem 60. For every quantitativeone-placequantifier@ : P(E) — I onafinite
basesetandall X € P(E),

Mex (Q)(X) = max{min (x|, (¢, u), g™ (L,u)): 0< £
= min{max(1 — g x|, (¢, v),¢"** (£, u)) : 0

In the caseof other M z-DFSesandfor F¢p, a histogram-basedpproactcanbeused
to efficiently implementheresultingquantifiers For simplicity of presentationye will
describea computatiorproceduresuitedto integerarithmetics We henceassumehat,
for afixedm’ € N\ {0}, all membershipsaluesof fuzzy agumentsetsXy, ..., X,
satisfy

1 m —1
.U'Xi(e) € {0’ W,""T?l} (35)

foralle € E.If X € ﬁ(E) satisfieq35), we canrepresenthe requiredhistogramof
X asan(m' + 1)-dimensionahrrayHisty : {0,...,m'} — N, definedby

Histx[j] = |[{e € E : px (e :—}|
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forall j = 0,...,m'. We furtherassumehatm’ is even, (i.e. m’ = 2m for a given
m € N\ {0}). Thecomputatiorproceduredor the DFSesM and F¢, arepresented
in Tablel.

In thealgorithmfor M, wehave utilizedthatQ., (X) = max(3, ¢™™"(¢,v)) if Qo(X) >
3 andQ,(X) = min(3,¢™*(¢,u)) otherwise.A further simplificationis possible
if @ is monotonic.For example,if @ is nondecreasinghen¢™"(¢,u) = ¢(¢) and
q™**(¢,u) = q(u), i.e.we canomit the updatingof « in thefirst for-loop andlik ewise
omit £ in the secondor-loop.

6.3 Evaluation of absolutequantifiers and quantifiers of exception
Definition 63. For everytwo-placesemi-fuzzyuantifierQ : P(E)? — 1,

— Qs calledabsoluteff there existsa quantitativeone-placequantifierQ’ : P(E) —
IsuhthatQ = Q'N,i.e. Q(Y1,Y2) = Q'(X1 N X2) forall Y1,Y; € P(E).

— Q@ is called a quantifierof exceptioniff there exists an absolutequantifier Q" :
P(E)? — IsuhthatQ = Q" i.e.Q(Y1,Y2) = Q" (X1, ~X,) forall Y1, Y; €
P(E).

For example, the two-place quantifierabout 50 is an absolutequantifier Someex-

amplesof quantifiersof exceptionare presentedn Table 2. The DFS axiomsensure
that F(Q) (X1, X2) = F(Q')(X1 N X3), wheneer @ = Q’'N is an absolutequan-
tifier and X, X, € P(E). Similarly if Q = Q'n- is a quantifierof exception,
then F(Q)(X1, X3) = F(Q')(X1 N —Xy), for all X1,X, € P(E), where@' :

P(E) — Iisquantitatve.We canhenceusethealgorithmsfor computingF(Q')(X),

F e {M¢cx, M, Fen} to evaluateabsoluteguantifiersandquantifiersof exception.

Quantifier |Antonym (absolute)
all no

all exceptexactlyk |exactly k

all exceptaboutk |aboutk

all exceptat mostk|at mostk

Table2.Examplesf quantifiersof exception

6.4 Evaluation of proportional quantifiers

Definition 64. A two-placesemi-fuzzguantifierQ : P(E)*> — I ona finite baseset
is called proportionalif there existvy € I, f : I — I sudh that

finnyl/ml) : N#o

v . else forall Y1,Y2 € P(E).

v ={
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For example,we have provided a definition of almostall wheref(z) = S(z,0.7,0.9)
andvg = 1, seeequation(1). Usually f andvg canbechoserindependentlpf E,i.e.Q
hasextension.We shall restrictour attentionto thoseproportionalquantifierswhere
f : I — Iis nondecreasing® Suppose is sucha quantifierand X, X» € P(E).
We areusingabbreviations Z; = X;, Z, = X; N X, andZ; = X; N ~Xy; further
let 4, = |Zk|:lm andug = |Zk|fynax’ k € {1,2,3}, fmin = f(eg/(eg + U3)) and
fmex = f(uz/(u2 + €3)) Then

Q’Y(XI’XZ) = medl(qmin(elae%ulau?))v qmax(el’ei%ul)u?)) .
2

For the definitionsof g™i®, g™ax : {0,...,|E|}* — I andthe actualalgorithmsfor
evaluatingproportionalquantifiers seeTable 3 and4. As shovn in Table4.a,a slight
madificationof thealgorithmfor M(Q)(X) in thecaseof one-placeguantitatie quan-
tifiersis sufficientto computeM (Q) (X3, X2) for proportionalquantifiers4.b depicts
thealgorithmfor evaluatingMcx (Q)(X1, X2) in the caseof proportionalquantifiers.
Thealgorithmfor computingF¢ (Q)(X) canbeadaptedn asimilar fashionin order
to implementFe,(Q) (X1, X2) for proportionalquantifiers.

13jf f is nonincreasingywe cancomputeF(Q) = —~F(~Q), noting that the negation ~Q is
proportionalandnondecreasing.
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1. £, > 0. Then gmin = fmin For q™®*(¢1,£3,u1,u2), We have:
2. £, =0.
a b tus >0 . 1. £ >0. Then gmex = gmex,
Then ¢™"™ = min(vg, f™7). 2. ¢ =0.
b. £2+u3_0 a. wug +£3 > 0.

1. u; >0. Then ¢™** = max(vg, f™).
Then ¢™® = min(vo, f(1)). b. us +43=0.
P — min _ i. up >0.
ii. w1 =0. Then ¢ vg. Then g™ — maxa('vo, £(0)).
ii. = 0. Then ¢™%* = vyg.
Note. If v < f(1), then mm(vo,f(l)) = v, w1 a vo
Le e need not distinguish 2.b.i and |nNote 1 £(0) < v, then 2.b.i and 2.b.ii
T need not be distingui shed.

Table3.Computatiorof g™ andg™2* for proportionalquantifiers

a. Algorithm for computingM (Q) (X1, X2)

b. Algorithm for computingM ¢ x (Q) (X1, X2)

I NPUT: X4, X2
/1 initialise Hy, £, u
H, := Histx.;
Hy : = HIS[XlnXZ,
Hsz := Hstx;n-xo;
for( k :=1; k <3; k :=k+1) {
m
= '21 Hi[mHj], up 1= £ + Hg[n;
i=
cq := medi (¢ (41, L2, u1,u3), ¢ (1,43, u1, u2))
if( cq ::2% ) return %;
sum : = cq;
if(cqg >1)
for(j :=1; j<m j :=] +1) {
nc:= true; // "no change"
/] update clauses for Zi,02,u1,us
it Hy[mj] # 0)
{ £ := £y - Hi[m+j]; nc:= false; }
if( Hz[mﬂ] #0) )
{ £y := 43 - Ha[m+j]; nc:= false; }
if( Hl[mJ] #0)
{ w1 1= ug + Hi[mj] = false; }
if( Hs[mJ] #0)
{ us := uz + Hz[mj]; = false; }
if( nc)
sum := sum + cq; continue; }
// one of £1,£2,u1,us has changed
L= mmgll,b,ul,ug);
|f( cq 5 ) break;
sum : = sunf q;
el se ) _ _
for(j :=1; j<m j :=j +1) {
nc: = true;
[l update clauses for £1,f3,u1,u2
if( Hy[mj] #0
{ £ := 41y - Hi[m+j]; nc:= false; }
if( Hg[mrj] # 0
{ €3 :=¥3 - Hg[m+j]; nc:= false; }
if( Hifmj] # 0)
{ wy := wuy + Hi[mj]; nc:= false; }
if( H[mj] #0)
{ uz := ug + Ho[mj]; nc:= false; }
if( nc)
{ sum:= sum+ cq; continue; }

/1 one of ¢4,£3,u1,uz has changed

cq 1= g% (L1, 43, u1, u2);
if( cq >1) break;
sum : = sunf+ cq;

return (sum+ 3*(mj)) / m
END

I NPUT: X1, X2
/1 |n|t|a||se Hy, ¢, u
Hy; := Hst x,;
Hy := HStxlnxgy
H3z := Histx;n-x,;
for( k :=1; k <3; k :=k+1) {
m
L S Hi[mH ], wup = £y + Hi[ni;
j=1
} .
cq := med%(qmm(fl,b,ul,us),qmax(fl,fs,ul,uz))
if( cqg==12) return %;
sum : = cq;
if(cqg >1)
{ ) : : .
for( j :=1, j<m j =] +1) {
ch := false; // "change"
/1 update clauses for £1,%2,u1,us
if( Hi[mj] 30 _
{ €y := 41 - Hy[m+j]; ch :=true; }
if( Ha[mrj] # 0 ) :
{ €2 := 2> - Hy[mtj]; ch :=true; }
if( H1[ml] # 0
{ w1 := wuy + Hi[mj]; ch :=true; }
If(Hs[mll #0) )
b u3 1= wug + Hg[mj]; ch :=true; }
i
// one of ¢1,%2,u1,u3 has changed
P {cq q<: ;*qmm(el,fz,ul,us) }
{ return’ (mj)/m }
return 1;
}
el se )
for( j =1, j<m j :=j +1) {
ch : = fal se;
/] updat e ciauses for 1,43, u1,u2
if( H1[m*l]
12 - Hl[mﬂ]; ch :=true; }
if( Hs[mH] 75 )
- H3[m+]]; ch :=true; }
if( H1[ml] # )
u; + Hi[mj]; ch :=true; }
|f(H2[m]];é0) )
1= wug + Hao[mj]; ch :=true; }
if( ch)
11 one of 51,13,u1,u2 has changed
{ cq_:= ¢™¥* (L1, 43, u1, u2);
if( cq > m]
{return (mj)/m; }
return O;
END

Table4.Algorithmsfor evaluatingtwo-placeproportionalquantifiers
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7 Conclusion

Fuzzyquantificationis a linguistic summarisatiortechniquecapableof expressinghe
global characteristicof a collection of individuals, or of a relation betweenindivid-

uals. However, our findings clearly show that existing approacheso fuzzy quantifi-
cationfail to provide corvincing resultsin the importantcaseof two-placequantifi-
cation(e.g.“many blondesaretall”). We have developedan axiomaticframework for

fuzzy quantificationwvhich complieswith alarge numberof linguistically motivatedad-
equag criteria.In particular we have presentedhefirst modelsof fuzzy quantification
which provide an adequateccountof the “hard” casef multiplacequantifiers,non-
monotonicquantifiers,and non-quantitatie quantifiers,and we have shovn how the
resultingoperatorsanbe efficiently implementedasedn histogramcomputations.

B s
it

Figure6.Cloudyin SouthernGermaiy (relevantimagesontop)

ThemodeldenotedM is beingappliedin a multimediaretrieval systemfor meteoro-
logical documentq13]. Fig.6 depictsa rankingof cloudinesssituationsaccordingto
the criterion“cloudy in SouthernGermany”. Therankinghasbeencomputedby eval-
uating M (prop)(SouthemGermany, cloudy), whereprop(Yi, Y2) = |Y1 N Y3|/|Y1].
Fig.7 presentghe resultsof evaluating several accumulatre conditionson a set of
cloudinessmages.Theseconditionsare of thetype“ @-timescloudyin the lastdays”.

A trapezoidaproportionalquantifiertrp,, ; .. : 73(E)2 — I, definedby

0 : z<a
tep(|Y1 NY2|/|Y; : N4 O —a
trpa,b,c(YhYZ) — {c »(Y1 2l/|Yal) . Yi f o tap(2) = { =2 : a<z< b
’ o 1 : z>b

hasbeenusedto modelsomeof the quantifiers TheresultingimageR haspixel inten-
sitiesR, = M(Q)(X1, X2,), for all pixelsp whereE is the setof images,u x, (e)
expresseshe degreeto which animagee € E belongsto the fuzzy time interval “in
thelastdays”,andux, ,(e) is thedegreeto which pixel p is cloudyin imagee.



Data:

Results:|#”

Figure7.Cloudyin thelastdays:Summarisatiomesultsfor differentchoicesof the quantifier@.

". ‘
¢ P

0.2

atleastonce

sometimes

often

almostalways

always

some

rPo,0.4,0

rPg,1,0.5

rPg.6,1.0,1.0
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A Appendix

A.1 Proofof Theorem9

Suppos&) : P(E)" — T is asemi-fuzzyquantifierof arity n > 0 andA € P(E).
We shalldefinethe n-placequantifier@’ : P(E)" — I by

Q’(le, L. 7Yn) = QQA(YYla se aYnfl) = Q(Yh s aYnfl,A) )
forall ¥,...,Y,_1 € P(E). Observingthatcxt(A) = {A} becaused € P(E) is

crisp, it is thenapparenthat Q ~(x,, .. x,_,,4) @ forall Xi,...,X,_1 € P(E)
because

Q(Y1,...,Y5) =Q(Y1,..., Yo1, 4) = Q'(V1,...,Yy)
forall Y; € ext(X4),...,Y,_1 € eXt(X,,_1),Y, € cxt(4) = {A}. Hence
f(Q)(Xla s ,anl, A)
= F(Q")(X1,...,Xn_1,A)  becauseF is contetual
= F(Q<A)(X1,..., Xpn_1) becauseF preserescylindrical extensions.

A.2 Proofof Theorem16

SupposeF isaDFSandQ : P(E)" — L, Q : P(E')" — Tis apairof semi-fuzzy
quantifierssuchthat E C E’ andQ’|p gy~ = @, i.e.

QY. Yn) =Q'(Y1,...,Ya), (36)
for all Y3,...,Y,, € P(E). Denotingby k : E — E’ theinclusionk(e) = e for

al e € E andrecallingthe definition of crisp extensionk (seep.10), equation(36) is
apparentlyequialentto

~

QYi,.,Yn) = Q' (k(V1), .., k(Yn))
forall Yi,...,Y, € P(E),ie.Q =Q o x k.Hence
=1

FQ)=F(@Q e x k)
= F(@) o x F(k) by (2-6)
— F(@)o X k. by (Th-15)
=1
Therefore
f(Q)(Xla R 7Xn) - f(Q/)(Zl, ey Z’n)
where
Jpx(e) : eeE
pm(e) = {42 ee
foralli =1,...,n ande € F’, asdesired.
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A.3 Proofof Theorem22

a. ToseethatF is uniquelydeterminedy V, simply combinetheequationsn (Th-19)

and(Th-21).

b. Theproofthatz; V z2 = (7g o ]?(!))(X) for all z1, z2 € T hasbeenpresentedn

[11, Th-25;p.41].

A.4 Proof of Theorem 34

Suppos&) : P(E)? —s I is conserative, i.e.

Q(Y17Y2) = Q(le,yvl N YYZ), (37)

for all Y1,Y, € P(E), andsupposeX, Xs € 75(E) aregiven.Thenclearly

Q ~(X1,X2) quspF(Xl) (38)
because
Y1 € ext(X1) = Y7 C sp(X1) (39)
by (10)andhence
= Q(Y1, (Y1 NspH(X1)) NY2) by (39)
=Q((Y1,Y1 N(sppX1) NY2)) by associatiity of N
= Q(Y1,spH(X1) NY3) by (37)
=Q(Y1,Y. NspX,)), by commutatvity of N

forall Y1 € cxt(X1), Y2 € cxt(X3). Therefore

F(Q)(X1, Xa) = F(QNasp(X1)) (X1, Xa2)
(Q)(X1, X2 Nspp(X1))
(Q)(X1,spp(X1) N X3),

asdesired.

A.5 Proofof Theorem35

by (38), (Th-8)
by (Th-6), (Th-9)
because\ is t-normby (Th-2)

SupposeF is a QFM which satisfieghe conditionsa. to e. of thetheoremTheproofis
by contradictionj.e. we shallassumehat F stronglypreseresconserativity.
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Let usfirst obserethatfor all z € I,

z =idy(z)
= F(idp) by conditiona.
= F(Qia,)(1(z)) by Def. 7
= F(m)(X),

whereX € P({1}) is thefuzzy subsetlefinedby px (1) = z, andm; : P({1}) — 2.
Becauser € I waschoserarbitrarily, this provesthat

-7'-(7T1) =T. (40)

It is apparentfrom (15) that ;N : 73({1})2 — 2 is consenrative. Henceby our
assumptiorthat F stronglypreseresconserativity,

F(mN) = F(m)N by conditiond.
n by (40)

N

is stronglyconserative. Now supposea: € I is given.LetusdefineX;, X, € ﬁ({l})
by ux, (1) = a, X2 = {1}. Then

a=anl by conditionc., A is t-norm
=7(X1 N Xy) by Def. 6, definitionof X;,X,
=mN(X1, X2) by Def. 15
=mN(X1, X1 N X3) by assumeaonserativity of 711
=71 (X1 0 (X1 N X3)) by Def. 15
= px, (1) A (px, (1) Apx, (1)) byDef.6
=aA(aAl) by definitionof X, X,
=aAa. because\ t-normby conditionc.

Becausea: € I waschosenarbitrarily, this meanghatA is anidempotent-norm,i.e.

A = min, (41)

seee.g.[15, Th-3.9,p.63].
Let usnow consideranothemuantifier viz Q' = 7,00 : P({1})* — 2, i.e.

Q'(V1,Y3) = ~m (Y1 N—Y,) (42)
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for all Y1,Y, € P(E).}* Q' is conserative because

Q'(Y1,Y1NYe) = -m (Y1 N-Y1 NY3) by (42)
= -m (Y1 N (Y1 UY2)) by De Morgan’s Law
=-m((Y1N=Y1) U (Y1 N=Yz)) by distributivity of U, N
=-m (2 U (Y1 N-Y2)) by law of contradiction
= -m (Y1 NY2) because is identity of U
=Q'(1,Y2). by (42)

ThereforeF(Q') is assumedo be strongly conserative. Now let a,b € T anddefine
X1, X0 € P({l}) by/JXl(]-) =a, bx, (1) =b. Then

F(Q) (X1, X2) =57 X1 N5 Xy) by (40) andconditionsd.,e.

=S(aASb) by Def. 6, definitionof X, X,
= S min(a, = b) because\ = min by (41)
= max(“a,b), becausé- is strongnegationby b.
i.e.
F(Q')(X1,X2) = max(Ta,b). (43)
Similarly
F(Q') (X1, X1 N X3) =37 X1 NS(X1 N X,)) by (40)andconditionsd. e.
=Z(aAS(aAb)) by Def. 6, definitionof X, X,
= = min(a, = min(a,b))  becausé\ = min by (41)
= max (= a, min(a, b)), becausé- is strongnegationby b.
i.e.
F(Q') (X1, X1 N X3) = max(=a, min(a, b)) . (44)

Because, b € I werechoserarbitrarily, we concludefrom (43), (44) andtheassumed
strongconserativity of F(Q'), i.e. F(Q')(X1, X2) = F(Q')(X1, X; N X3), thatin
fact

max (= a,b) = max(= a, min(a, b)), (45)

for all a,b € 1. Becausé- is astrongnegationby conditionb. of thetheoremwe know
that thereexists an equilibrium point b € (0,1) suchthat=h = h, see[15, Th-3.4,
p.58].Now leth < a < b. Then=h =h > Saq,i.e.5a < h < a < bandhence

max(Ta,b) =b
max(=a,min(a,b)) =a #b,

which contradictg45). We concludethattheassumptiorthat F stronglypreserescon-
senativity is false.

¥ becausés is a strongnegation by conditionb. of the theoremijt coincideswith the standard
negation— on {0, 1}-valuedarguments.
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